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ABSTRACT 
The loading conditions in railway substructures are cyclic, unlike the steady seepage 
under static loading that usually occurs in dams and levees. The mechanisms of seepage 
and filtration, and between the subgrade and subballast layers, including the spatial and 
temporal changes in their drainage characteristics warrant further investigation to 
improve the existing procedures for designing filters. In practice, a drainage layer 
(subballast filter) is expected to perform two major functions in rail track environments; 
namely (1) cope with the sustainable transfer of stress from ballast to the subgrade, and 
(2) protect subgrade fines from upward pumping due to seepage and the build-up of pore 
pressure in subgrade due to cyclic loading. An effective subballast filter mitigates ballast 
fouling from the substructure and reduces the risk of track settlement due to clay 
pumping, hence making the rail track foundations safer. In contrast, a badly designed 
filter subjected to strong seepage forces and agitation induced by cyclic loading could 
lose its finer fractions to erosion and experience changes in its particle size distribution. 
This phenomenon is known as internal instability that may result in a highly porous and 
ineffective filter layer. 
This research reports the results from 67 hydraulic tests carried out to examine the 
potential for internal instability of a selected range of 10 different soils which conform to 
the typical subballast gradations commonly used in Australia. Hydraulic tests were 
carried out using a modified hydraulic apparatus designed to capture the response of soils 
subjected to an upward flow under static and cyclic loading. This apparatus can monitor 
various factors that influence the inception of instability in soils, e.g. spatio-temporal 
variations in porosity, average and local hydraulic gradients, and the effective stress 
distribution with depth. An analysis of the test results revealed that the existing criteria 
are insensitive to any variations in the level of compaction of soils, and tend to be unsafe 
when applied under cyclic conditions. As a consequence, a new constriction size 
distribution based criterion for assessing the potential of internal stability is proposed that 
can accurately differentiate between internally stable and unstable soils. A large dataset 
of 95 tests are used to validate this technique, which is also sensitive to
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the level of compaction of soils, an area that was ignored in most existing criteria.  
Furthermore, cyclic loading promotes premature washout failures in internally unstable 
and marginally stable soils, while constant agitation and the internal development of pore 
pressure due to cyclic loading affects the geometrical arrangement of stable constriction 
network enough to allow internal erosion to evolve. Erosion becomes excessive at higher 
frequencies, to the extent whereby marginally stable specimens also become increasingly 
unstable. The existing (static) criteria could not capture the effects of cyclic loading to 
correctly assess the internal stability of some of the soils tested herein, so the constriction 
based criterion proposed in this study is modified to include the effects of cyclic loading 
and then demarcate a more distinct boundary between stable and unstable soils under 
cyclic conditions, for a large experimental dataset of 87 results. 
Internally stable, marginal, and unstable soils are characterised by heave, composite 
heave-piping, and suffusion that develops immediately after instability commences. The 
stable specimens exhibited heave at larger hydraulic gradients than the unstable 
specimens which failed by suffusion at relatively smaller hydraulic gradients. Under no 
external load (i.e. self-weight only), the relative density (Rd) and particle size distribution 
(PSD) together controlled the internal stability of soils, although the effective stress 
magnitude (𝜎′𝑣𝑡) also played a role in static and cyclic loading conditions. Instability in 
soils was governed by specific combinations of their geo-hydro-mechanical 
characteristics such as PSD, Rd, the stress reduction factor, critical hydraulic gradients 
and associated levels of effective stress. These factors are combined to model the 
development and inception of instability as well as developing visual guides as a practical 
tool for practitioners. Each soil possesses a unique critical envelope related to its PSD 
and Rd, and a critical path with its inclination that depends on the hydro-mechanical 
conditions. The current results of internal erosion tests conducted by the authors under 
static and cyclic loading, plus those adopted from literature, are used to verify the 
proposed models and demonstrate their practical implications.
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CHAPTER ONE 
       INTRODUCTION 
 
 
 
 
 
 
 
 
 
 
 
1.1 Study Background 
Granular soils are preferred as construction materials due to their excellent drainage and 
load carrying capacity in various geotechnical and geo-environmental engineering 
applications such as railway and highway capping/ drainage layer (ballast, subballast, 
base, and subbase) and downstream embankment dam filters, etc. Uniformly graded soils 
can be used as load carrying layers alone, but their use as an additional filter layer would 
be pertinent to the gradation of protected base soils that may require a non-uniform filter 
because a filter is expected to arrest any fine base soils that erode from an earth structure 
without clogging. It is therefore important that its own skeletal structure (particle size 
distribution, PSD and relative density, 𝑅 𝑑) should remain intact during the entire process 
of filtering. These filters are called internally stable, so using them to protect a given base 
soil means they must conform to an appropriate constriction size based filter selection 
criterion that has proven to be effective (e.g. Raut and Indraratna, 2008; Indraratna et al. 
2007; Locke et al. 2001 etc.). 
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In practice the choice of granular filters is pertinent to fulfilling two basic requirements 
that are contrary in nature, i.e. adequate permeability and retention of base soils with 
some limited initial erosion to allow self-filtering to begin (Locke et al. 2001). Uniform 
soils can fulfil these requirements of filter design even though their natural existence is 
not as abundant as non-uniform soils for large scale utilisation such as constructing filters 
in hydraulic dams and railway sub-structures. This makes broadly and gap-graded natural 
soils an obvious economical choice as dam core and filter materials compared to 
expensive mechanically crushed uniform soils (Li and Fannin, 2012). These non-uniform 
soils may inherently exhibit bimodal soil structure with a stable primary fabric of 
relatively coarser particles which govern the sustainable volume changes and stress 
transfer, and an unstable secondary fabric of finer fractions. 
The flow of water under a significant magnitude of hydraulic gradient 𝑖 exerts a seepage 
force (per unit volume of soil) 𝑖𝛾𝑤 on soil particles in the direction of flow (Terzaghi, 
1939). This force can erode the fines through the constriction network of the primary 
fabric of broadly and gap-graded soils, thereby inducing marked variations in their PSD 
(i.e. internal instability). This entire process may be divided into three distinct phases; 
namely (1) the susceptibility of a soil gradation to internal instability (a function of the 
physical and geometric characteristics of soils), (2) the onset of internal instability 
(governed by unique combinations of geometrical and hydro-mechanical constraints), 
and (3) the internal erosion of fines passing through the soil layer (i.e. function of post-
critical seepage flow velocity) that ultimately changes the soil gradation. 
The primary fabric of an internally stable soil makes active contact with coarse particles 
due to their larger surface area, thereby forming a stable constriction network that protects 
the majority of fines from erosion. These retained fines produce increasingly finer 
constrictions that retain more fines to ensure spatial uniformity with respect to particle 
size distribution, thus resulting uniform changes in volume and stress transfer. However, 
the primary fabric of an unstable soil does not retain fine particles, which results the finer 
fractions being segregated. Internally unstable soils possess poor drainage and filtration 
characteristics, such that the excessive seepage forces erode the finer fraction from the 
granular media and increase the porosity to the extent whereby it can no longer retain the 
base soil.  
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1.2 Problem Statement 
The change in PSD of a filter layer due to the erosion of its finer fraction adversely affects 
its physical, geomechanical and hydraulic engineering characteristics (Xiao and 
Shwiyhat, 2012). This situation becomes more critical when the filter layer also serves 
the function of stress transfer, e.g. downstream filters in embankment dams (Chang and 
Zhang 2013) and capping layers to transfer static and cyclic stresses in railway and 
highway substructures (Trani and Indraratna 2010). For instance, excessive pore 
pressures in downstream parts, the formation of sinkholes in the crests of embankment 
dams, and excessive cumulative settlements in layers of railway and highway 
substructure and associated track misalignment (Trani 2009; Moffat and Fannin, 2006, 
Alobaidi and Hoare 1999) can be the possible result of installing filters that are potential 
internally unstable. Under cyclic loading conditions the constriction network of primary 
fabric exhibits substantial variations due to the constant agitation of granular media (Xiao 
et al. 2006) and loose fines possessing localised states of zero effective stresses within 
the pore spaces of coarse particles (i.e. localised quicksand conditions). 
 
In practice, cyclic loading induces attrition as the overlying coarser layer of subballast on 
a dry subgrade generates fines at the interface, and these fines generated by ballast 
degradation can migrate into an inadequately designed subballast (filter) layer under the 
influence of sub-surface runoffs due to heavy precipitation and cyclic loading 
(Tennakoon et al. 2012). This can alter the PSD of subballast and therefore its drainage 
characteristics (Trani 2009). In low lying coastal areas where subgrades are generally 
saturated, water could create slurry at the interface. The groundwater flow and the pore 
pressures induced from cyclic rail loading apply seepage forces which reduce the 
effective stresses at the interface and trigger the pumping of slurry into the overlying 
layers (Alobaidi and Hoare, 1996). This high pressure filtrate could accompany the finer 
fraction from a potential internally unstable layer of subballast, thereby clogging the 
overlying layer of ballast and promote undrained shear failure (Indraratna et al. 1992). 
 
Seepage induced internal instability in granular filters (e.g. piping and internal erosion 
etc.) is the main cause of more than 46% of all embankment dam failures worldwide so 
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far (Richards and Reddi, 2007). Given that constructing a hydraulic structure requires 
significant funds and may result in the loss of life and property if it fails, the probability 
of failure could be minimised by ensuring an adequate filter design. Similarly, the amount 
of funds invested in railway maintenance worldwide is substantial, a considerable 
proportion of which is used to maintain the layers of substructure. For example, the UK 
spends more than 33% of its total annual maintenance funds for ballasted rail tracks on 
substructure maintenance issues (Wheat and Smith 2008). Canadian railroad authorities 
reportedly spend more than one billion dollars annually for rail track maintenance, 
including track upkeep and maintenance costs, while US railway authorities spend tens 
of millions of dollars for substructure maintenance (Trani 2009; Chrismer 1985; 
Raymond et al. 1985). Nevertheless, fast train lines such as the TGV-Sud-Est line in 
France and the Shinkansen line in Japan would require even higher maintenance costs. 
Railway maintenance in Australia is more than two billion dollars per annum (BITRE 
2003), and these risks and maintenance costs could be minimised significantly by 
installing an internally stable filter in dams and railway substructure. 
 
Thus far, internal stability has been assessed using various approximate PSD based 
criteria established on observations from laboratory filtration tests under no-load static 
conditions (e.g. Kenney and Lau, 1985). However, given that downstream filters in dams 
function under complex stress states and those in railway substructures under cyclic 
conditions, the impact of the stress state and the magnitude on this phenomenon must be 
assessed. For instance, while PSD based criteria are generally conservative under static 
conditions (Li and Fannin 2008; Smith and Bhatia 2010), they may still delineate between 
stable and unstable soils such that only the latter exhibit internal instability. However, 
since potential internally stable gradations under cyclic conditions were reported to 
exhibit washout of their finer fraction like an unstable soil (Trani and Indraratna, 2010), 
a science based explanation of this phenomena and an understanding of the factors 
governing the inception of instability under actual field conditions is required. This will 
greatly improve performance and safety, reduce maintenance costs and extend the system 
life cycle of an engineering facility. 
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1.3 Objectives of the Study 
 
Stress magnitudes and conditions (static or cyclic), relative density and particle size 
distribution, and magnitudes of applied hydraulic gradients, collectively control the 
potential, development, and occurrence of internal instability. This research study focuses 
on extending the existing constriction size based filter design criteria to capture the 
geometrical factors governing the potential of seepage induced internal instability, and 
the hydro-mechanical factors controlling its inception under static and cyclic loading 
conditions. The specific objectives of this research are as follows: 
 
1. A laboratory investigation using a modified hydraulic test apparatus to study the 
internal stability of granular soils under both static and cyclic train loading; 
 
2. To identify the key geometrical, physical, and hydro-mechanical factors 
controlling the internal erosion of finer fractions and thus the potential for the 
internal instability of granular soils; 
 
3. The development of geometrical models to assess the potential for internal 
instability based on constriction size distribution (CSD) under static and cyclic 
loading; 
 
4. To develop a theoretical model that will govern the inception of instability under 
static and cyclic conditions and accurately quantify the correct potential for 
internal instability; 
 
5. Validate the proposed models using the results of static and cyclic filtration tests 
in this study, and those adopted from the large database of published literature; 
and 
 
6. To present the practical implications of this research study to real life engineering 
problems through visual design tools.  
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1.4 Scope and the Organisation of Thesis 
 
This thesis is divided into 9 chapters including this Introduction (Chapter 1), the 
summaries of which are as follows: 
 
Chapter 2 presents a critical review of published research studies outlined in accordance 
with a conceptual framework that links the latest research on the assessment of internal 
stability to the hydro-mechanical modelling of phenomena under static and cyclic loading 
conditions. Three key aspects of this study; static and cyclic loading, internal stability 
and particle transport mechanisms, and hydro-mechanical factors governing the onset of 
internal instability, are given an equal emphasis in the discussions. 
 
Chapter 3 on “Research Approach and Methodology” describes the standardised static 
and cyclic hydraulic test procedures, and the physical and geometrical properties of the 
soil samples tested. The modified hydraulic test apparatus designed and commissioned at 
the University of Wollongong that is used to capture the hydro-mechanical factors 
governing the onset of internal instability under static and cyclic loading, is also 
presented. The components and limitations of the new hydraulic testing facility are 
described in detail. 
 
Chapter 4 is dedicated to the “Potential of Internal Instability of Granular Filters” and 
presents the hydraulic erosion experiments conducted on test samples at varying relative 
densities under static no-load condition (i.e. self-weight only). The test results and 
discussions are followed by a proposal for a new geometrical (CP-CSD) approach which 
combines two well-accepted particle and constriction size based filter design criteria that 
capture the relative density and particle gradation of soils to assess the potential of 
granular soils for internal stability. A large body of published experimental data is shown 
to verify the proposed criterion. 
 
Chapter 5 is focused on “Commissioning a Modified Hydraulic Test Apparatus”. An 
experimental program consisting of preliminary hydraulic tests, surface friction 
experiments, and consolidated drained direct shear tests was carried out. A multi-layer 
stress reduction model capturing the effects of friction and seepage is proposed and 
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validated. The results of hydraulic tests conducted under both static and cyclic conditions 
are presented and the effects that instrumentation had on the performance and 
repeatability of the apparatus are evaluated. Observations on the seepage induced 
response of test soils subjected to static and cyclic loading are compared. Premature 
seepage induced failures exhibited by the test specimens under cyclic loading are 
compared to their response under static hydraulic tests, and the procedure for quantifying 
the additional pore water pressure generated due to cyclic loading is presented, and the 
results are reported. 
 
Chapter 6 is dedicated to the “Inception of Internal Instability Under Static and Cyclic 
Loading” and presents a comprehensive experimental investigation undertaken on fully 
compacted select soils subjected to static (𝜎𝑣𝑡
′ ≤ 100 kPa) and cyclic loadings (sinusoidal 
pulses at frequencies up to 30 Hz with  𝜎𝑚𝑖𝑛
′ = 30 kPa and 𝜎𝑚𝑎𝑥
′ = 70 kPa) to simulate 
actual conditions downstream from an embankment dam, and the movements of a heavy 
haul freight train in a railway environment, respectively. The differences in the seepage 
induced response of filters under static and cyclic conditions are explored. A comparison 
of the assessments of internal stability from various existing criteria for filters under 
cyclic loading is reported for a large body of current and published data. Limitations 
associated with the existing PSD and CSD based geometrical approaches are highlighted 
for possible improvements in practice. As a consequence, the effects of cyclic agitation 
have been incorporated into the CP-CSD approach of Chapter 4 to demarcate a clear 
boundary between internally stable and unstable specimens. An additional large dataset 
of published experimental results was used to verify the proposed criterion, with the 
results being compared with the predictions of 6 existing PSD and CSD based static 
criteria. Finally, the average and local hydro-mechanical correlations (effective stress 
versus critical hydraulic gradient) and the associated mechanisms of internal instability 
are reported to enable the seepage induced response of soils to be modelled accurately. 
 
Chapter 7 is titled as “Theoretical Model for Internal Instability and Validation” and 
presents the development of a mathematical model that governs the inception of internal 
instability in filters under static and cyclic loading. An empirical stress reduction factor 
that is sensitive to compaction is proposed and its performance is verified using published 
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data. This model incorporates stress reduction in the finer fractions, the effects of 
boundary and inter-particle friction, the physical and geometrical properties of soil, and 
the hydro-mechanical factors used to map the hydro-mechanical bounds governing the 
onset of seepage induced failures. Mathematical interpretations of model characteristics, 
including the critical envelopes, hydro-mechanical paths, and associated inclinations are 
presented. Consequently, a large experimental dataset adopted from various published 
filtration studies plus current test results are shown to verify the proposed model for 
filtration under static and cyclic loading. 
 
Chapter 8 is on “Practical Implications: Proposed Filter Design Procedure with 
Examples” and it presents the possible practical implications of this current research in 
the form of simple design charts and example problems for practitioners. 
 
Chapter 9 on “Conclusions and Recommendations” presents the applicability of this 
research and venues that hold promising research potential with respect to the practical 
design of filters.    
 
Finally, the section that includes the lists of “References” and “Appendices” provides 
supplementary information for some of the chapters in this thesis. 
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CHAPTER TWO 
     LITERATURE REVIEW 
 
 
 
 
 
 
 
 
2.1 Introduction 
This chapter is a review of research studies published on the phenomena of internal 
instability in granular filters, a topic of interest for a number of researchers since the early 
1930’s. Following Terzaghi’s recommendations for filter design, granular soils have been 
used extensively as protective filters in hydraulic and earth structures. Fannin (2008) and 
Raut (2006) reported that the criteria for these filters were originally recommended for 
uniform base-filter soils based on phenomenological observations from hydraulic tests 
conducted by Terzaghi (1922). However, the availability of natural uniform soils for base 
and filter materials cannot be guaranteed, unlike the more abundant non-uniform soils 
produced by natural weathering and complex environmental processes. Artificial means 
such as large-scale mechanical crushing and sieving to generate uniform soils for massive 
projects such as dams and railway substructures could be very expensive options, so 
researchers modified the original criteria for filters as needed so that non-uniform base 
and filter soils can be used. Unfortunately, non-uniform soils possess bimodal structures 
consisting of primary (responsible for sustainable load transfer and volume changes) and 
secondary fabrics (erodible fines within pore spaces of primary fabric) that may be 
susceptible to internal instability. 
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Note that the current filter design and internal stability assessment criteria for railway 
subballast filters are those originally established for filtration under static conditions such 
as dams (Selig and waters, 1994); which means an internally stable soil selected as a 
subballast layer could exhibit suffusion under dynamic conditions (e.g. Trani and 
Indraratna 2010). This discrepancy between static and cyclic internal instabilities could 
result in selecting an inappropriate/ ineffective filter that results in excessive pumping 
from the substructure and subsequent ballast fouling and track deterioration due to 
differential settlement. This chapter presents a critical review of published literature on 
the internal instability of granular filters.  
2.2 Applications of Granular Filters in Practice 
Filters are used to protect fine soils from erosion due to seepage in geotechnical and geo-
hydraulic structures such as embankment dams, railway and highway sub-structures, 
retaining walls, slopes, landfills, and coastal protection. A correctly designed filter would 
allow water to seep easily to avoid the development of excess pore water pressure, while 
retaining the eroding particles of soil to prevent piping. Typically, non-uniform sands and 
sand-gravel mixtures are used as filters. The fundamental physics of filtration remains 
the same, even though in practice, filter designs differ slightly depending on their 
application. Some of their common applications are as follows: 
2.2.1 Filters in Embankment dams 
Granular filters are installed at various locations within embankment dams to protect the 
core material (silty or clayey soils) from erosion due to seepage under significant 
upstream hydraulic pressure from a reservoir head. This means the most important filter 
is considered to be the one immediately downstream of core layer, known as the critical 
filter (Figure 2.1a). The other filters may include an immediate upstream filter to protect 
core material during draw-down periods, a downstream filter to protect the alluvial 
foundation soils from erosion due to subsurface flow, a toe drain to dispose seeping water 
safely, and an upstream rip-rap to protect embankments from surface erosion due to tidal 
action and the effects of rapid draw-downs. The basic functions of a critical filter include 
complete retention of eroding particles from the core and the free flow of seeping water 
to the downstream drainage layer without developing significant pore pressure.  
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Figure 2.1 Schematic illustrations of filter locations in a typical embankment dam and 
rail-track substructure 
 
These filters provide controlled paths to the seepage water and therefore avoid the 
saturation of embankment fill that could otherwise endanger structural stability. These 
filtration processes occur under complex stress conditions evolving from filter locations, 
effective overburden and surcharge loading (if any), reservoir filling-drawing cycles, and 
erosion and capture mechanisms. Nevertheless, discussions of their basic functions, 
factors of influence, and the design principals for embankment dam filters are presented 
in the later sections of this chapter. 
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2.2.2 Filters in Railway and Highway Sub-structures 
In transportation embankments such as railway and highway substructures, granular 
filters are installed to protect the subgrade soils from erosion due to pumping and avoid 
the development of excess pore water pressure (Chapius et al. 1996, Alobaidi and Hoare 
1996, Selig and Waters, 1994). The direct contact and crushing action between ballast 
and natural (soft) subgrade soils produces a significant amount of very fine particles (< 
150 µm) (Trani and Indraratna 2010). In low lying coastal areas and off-shore sites with 
higher water tables, inappropriate drainage during rains and floods can cause the 
subgrades to become saturated, and dynamic loading from passing trains can develop 
pore water pressure that can accumulate to induce a seepage force. These saturated fine 
particles near the interface can be transported into the upper layers by this seepage force, 
causing ballast fouling and clay pumping. The possible hazards related to these effects 
can be the progressive shear failure of ballast and the general shear failure or subsidence 
of railway track, respectively (Chapius et al. 1996, Indraratna et al. 1996, Indraratna et 
al. 2012). A filter layer called subballast is placed between the layers of ballast and 
subgrade to safely transfer loads from the ballast to the subgrade and protect the subgrade 
soil from penetrating the ballast layer (Figure 2.1b). Similarly, a drainage layer called 
subbase is provided to mitigate seepage related problems in highway substructures. The 
functions, influencing factors, and selection criteria for subballast as a filter layer are 
provided in a latter section of this chapter. 
2.2.3 Filters in Slopes 
The use of granular filters is not limited to the hydraulic and transport earth structures, 
they are also used to protect natural and man-made slopes. They are most commonly used 
as stone linings to minimise erosion induced by rainfall runoff, and as toe drains. Slope 
fencing with larger blocks of granular cobbles and smaller sized rocks fortified in steel 
meshing called gabions can increase the drainage characteristics of slopes and retaining 
walls and also look attractive. Any of the well-accepted filter design criteria for 
embankment dam filters may be used to choose appropriate material for gabions. 
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Figure 2.2 Miscellaneous applications of granular filters called gabions: (a) canal lining, 
(b) land scape protection, (c) natural slope protection, (d) drainage retaining walls, (e) 
rip-rap on flood protection embankments, and (f) rip-rap on river training embankments 
(sources: w, Google Images, GabionSolutions.Inc, Shutterstock.com, GardenDrum) 
 
2.2.4 Filters in Flood Protection and River Training Embankments 
An aesthetically pleasing stone lining called rip-rap, similar to gabions on slopes and 
retaining walls, is used to protect the upstream face of dams, river training, and flood 
protection embankments from tidal action is a widely recognised use for surface granular 
filters (Figure 2.2). The selection of material for rip-rap requires careful consideration of 
tidal dynamics and basic principles of filter design, i.e. good permeability and complete 
retention. 
2.2.5 Other Practical Implications 
The other familiar uses of granular filters include canal lining which is similar to rip-rap, 
retaining walls, permeable reactive and non-reactive barriers, and water purification 
systems (Figure 2.2) etc. The design criterion for all these applications is the same. 
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This current study deals with the behaviour of granular filters in embankment dams and 
transportation embankments, with an emphasis on the filtration of loaded inverted filters 
and railway subballast, respectively. 
2.3 Mechanical Constraints to Filtration 
Based on observations from Terzaghi (1922), increasing the magnitude of effective stress 
can increase the critical hydraulic gradient and reduce the risk of piping in granular soils 
(Skempton and Brogan 1994, Moffat and Fannin 2011). However, any increase in 
frictional resistance offered to the movement of base particles by granular media, 
including inter-particle and boundary friction, can help the retention capacity of filters 
(Tanaka and Toyokuni 1991, Srivastav and Sivakumar Babu 2011). In essence, the 
mechanical constraints to filtration may include the magnitude of effective confining 
stress (𝜎 𝑐𝑜
 ′ ) and the frictional characteristics (∅ ′) of granular media, which means the 
effects of mechanical constraints may vary with the direction of seepage, e.g. a filter 
loaded in a direction normal to the flow may not be influenced by the magnitude of 
effective stress (Skempton and Brogan 1994). The magnitude of 𝜎 𝑐𝑜
 ′  varies depending on 
the properties of basic soil, the location and depth of the filter, and the magnitude of 
effective overburden (including external loads). Given that this current study only focuses 
on embankment dam and railway drainage layers, the associated mechanical constraints 
to filtration are described as follows: 
2.3.1 Embankment dam filters 
Granular filters may be installed at various depths and locations within and outside the 
body of an embankment dam. The critical filters adjacent to the core layer have no 
significant influence on the mechanical constraints because seepage is almost normal to 
the principal stress direction, i.e. overburden pressure due to the self-weight of the filter 
layer. Only the geometrical factors (PSD, CSD, and 𝑅 𝑑) govern the process of base 
particle erosion and capture, whereas upstream and downstream rip-raps perform 
filtration under atmospheric pressure with the occasional influence of tidal energy. 
However, downstream horizontal filters to protect the foundation alluvium of the river, 
and the toe-drain to limit the exit gradients, can be under significant magnitude of 
effective stresses due to overburden (Chang and Zhang 2013). 
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2.3.2 Subballast filter layer 
As the permeability of soil layers from subgrade to the ballast increase (𝑘𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒 ≪
𝑘𝑠𝑢𝑏𝑏𝑎𝑙𝑙𝑎𝑠𝑡 < 𝑘𝑏𝑎𝑙𝑙𝑎𝑠𝑡), flow through the subballast is mainly upwards because it stems 
from seepage and pore pressure due to cyclic train loads during unloading cycles. As 
Figure 2.3 shows, the effective stress is mainly due to the magnitudes of overburden 
(including track components) and minimum surcharge due to unloading cycles (Trani 
2009, Christie 2007). 
 
 
Figure 2.3 Illustration of mechanical load and effective stress transfer mechanisms in 
rail-track substructure 
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2.4 Sources of Hydraulic Excitation 
Similar to the mechanical stress transfer mechanisms, hydraulic excitation in 
embankment dams and railway substructure stems from slightly different sources. For 
instance, the upstream hydraulic head in embankment dams and pore pressure generated 
in railway substructures is the major source, while surface and subsurface seepage are the 
common sources of hydraulic excitations. Generally in hydraulic structures such as dams 
and levees, the upstream heads during flooding and peak flow conditions are considered 
as worst case scenarios (Lane 1934, Bertram 1940), although other sources may include 
surface runoff and subsurface seepage in downstream filters in embankment dams, 
slopes, and transport embankment substructures in coastal areas and off-shore sites with 
higher water tables. In transport embankments such as railway and highway 
substructures, the main source of hydraulic excitation is the development of pore water 
pressure in the subgrade and subballast due to cyclic traffic loads (Selig and Water 1994, 
Chapius et al. 1996, Alobaidi and Hoare 1996, Trani and Indraratna 2010). The 
accumulation of infiltrated rain water and water seeping from a neighbouring source 
accumulates within the substructure due to poor drainage saturates the subgrade and 
subballast soils. The cyclic loads develop suction in the ballast due to dilation and pore 
pressure in the subgrade at a given confining pressure, and then induce strong seepage 
forces which cause filtration to occur.   
2.5 Filtration and Factors Influencing the Process 
2.5.1 Functions of a Granular Filter 
To function effectively, a granular filter layer must meet the following requirements: 
1. It must be fine enough so that the constriction sizes formed by the constituent 
particles are small enough to retain some of the larger base soil particles (protected 
material). These captured particles then form smaller constrictions within the filter 
and retain the remainder of the base soil. This process is known as self-filtering. 
2. It must be coarse enough to offer enough permeability to allow the free flow of 
seeping water, thus preventing the build-up of excess pore water pressure. A highly 
permeable filter layer would drain all the seeping water from the dam, thus avoiding 
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the saturation of downstream fill that could otherwise cause slope failure in earthen 
dams. 
3. It must be non-cohesive, requiring a limit on the quantity of clay fraction in cases 
where broadly graded soils will be used as filters. In soils with higher clay fractions, 
the cracks and cavities formed within the cohesive core soils (base). Protective filters 
with negligible cohesion tend to collapse and self-heal over these cracks and cavities 
which could otherwise cause substantiative build-up of pore pressure inside the filter 
layer. 
A correctly designed filter must follow the above requirements in order to protect the 
eroding base soil particles at the exit point (i.e. the base-filter interface). Erosion begins 
due to piping failure within the base soil mass as a result of the continuation of several 
particle migration processes such as concentrated and forward erosion through a crack, 
backward erosion, or suffusion etc (Richards and Reddy, 2007). 
 
 Concentrated or forward erosion requires a crack or cavity through the cohesive 
material or interface with a firm surface such as a conduit or spillway structure. It 
begins at the interface between the upstream filter and core material in embankment 
dams and progresses towards the downstream filter. Finer particles from the inside 
surface of cracks and cavities are transported by high velocity flows and cause 
subsequent enlargements. If the filter material is cohesive it could maintain roofs 
over the cavities, thus allowing for an extensive erosion of base soil. 
 
 Backwards erosion begins at the exit face of the base soil layer (i.e. the interface 
between base and downstream filter) while base particles continue to erode 
backwards to form a tunnel or pipe towards the reservoir. This process is generally 
associated with but not limited to non-cohesive materials. 
 
 Suffusion involves the seepage induced erosion of finer fraction from within the soil 
structure of broadly and gap-graded cohesion-less base soils that are called internally 
unstable. If enough fines are eroded due to suffusion, then there will be significant 
changes in volume and the geo-mechanical characteristics of soils will deteriorate 
(Xiao and Shwiyhat, 2012). 
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Figure 2.4 Effective filter and the stable base-filter interface (after Locke et al. 2001) 
 
To understand how an effective filter functions, Figure 2.4 describes a stable-base filter 
system where seepage forces could erode some base particles into the filter to initiate 
backwards erosion. Initially, some of the very fine particles could be transported all the 
way to the downstream filter boundary, thus reflecting limited erosion indicated by high 
turbidity and some loss of mass (e.g. Indraratna and Radampola, 2002 and Reddi and 
Bonala, 1997). In this process, the larger base particles will be trapped by the 
constrictions, i.e. connections between pore spaces of the filter; these trapped particles 
will then form smaller constrictions which will retain smaller eroding particles, a process 
that will continue until the base-filter interface stabilises. This process is called “self-
filtration” and after a stable self-filtering layer has formed, no further erosion of base 
particles will occur. The effluent turbidity and flow rate vary during this process, but they 
eventually reach a steady state as a stable self-filtering layer is formed (Locke et al. 2001). 
2.5.2 Possible Filtration Scenarios 
For a given base soil, filtration is controlled by the constriction size distribution (CSD) 
of the filter media, which is a function of its particle size distribution (PSD) and relative 
density 𝑅 𝑑 (Indraratna et al. 2007). Constrictions are the small, 2-dimensional openings 
between the adjacent pore spaces that are smaller than the connecting pores and are 
responsible for the entire filtration process, including the retention and permeability of 
base particles (Indraratna et al. 2011). For instance, a base particle larger than any of the 
filter constrictions exiting the pore space will remain captured within that pore. Given 
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that filtration is a function of the relative sizes of base particles and filter constrictions, 
its possible outcomes could be grouped into the following four cases (Figure 2.5): 
1. An excessively conservative (safe) case whereby the constrictions are finer than the 
base particles and therefore no particles can penetrate the filter layer. It often 
provides insufficient permeability to allow seeping water to drain because the base 
particles are larger than the filter constrictions (Figure 2.5 (1)). 
2. An ideally safe case whereby some limited erosion of base particles occurs unless 
the eroding particles encounter smaller constrictions and are retained. These retained 
base particles continue to form smaller constriction sizes that can capture further 
eroding fines, thereby beginning the process of self-filtration.  The base-filter system 
eventually stabilises after a stable self-filtering layer has formed (Figure 2.5 (2)). 
3. A practical case of a stable or semi-stable combination whereby some initial erosion 
of the finer base fraction is followed by the formation of a self-filtering layer due to 
coarser base particles being captured in the process. The acceptable threshold of 
particle erosion defines the success or failure of the filtration process. A limited 
erosion that will indicate stable base-filter combination (i.e. case-2) may be suitable, 
whereas excessive erosion of base fines (≥ 𝑑 10 ; 10 percentile finer by mass) will 
increase the permeability of base soil and subsidence could occur, both of which may 
be unacceptable (Figure 2.5 (3)). 
4. An unsafe base-filter combination whereby the filter layer is too coarse to impede 
the eroding base particles and allow self-filtration to occur. Nevertheless, the 
permeability may be enough to allow for the drainage of seeping water, while the 
formation of a stable base-filter interface is not possible (Figure 2.5 (4)). 
 
An effective and stable filter design will be somewhere between cases 2 and 3, depending 
on the filtration scenario and characteristics of the base and filter soils. Case-2 is safe, but 
conservative, while case-3 may be acceptable, with a proper understanding of the filter 
requirements and the characteristics of the materials to be protected. 
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Figure 2.5 Possible filtration scenarios in practice (after Indraratna and Locke, 2001) 
 
A detailed knowledge of filtration (under static or cyclic loading) and properties of base 
and filter soils (cohesive and non-cohesive) will be invaluable for a successful filter 
design between cases 2 and 3. Note that the ability of a granular filter to retain a given 
base material is governed by its CSD, which is a function of its PSD and 𝑅 𝑑. It is 
important that its own particles should remain intact during filtration, thereby eliminating 
the possibility of suffusion occurring. Such filters are termed internally stable and must 
conform to an appropriate PSD or CSD based filter design criterion that has proven to be 
effective (e.g. NRCS 1994, Indraratna et al. 2007, Raut and Indraratna 2008, and Trani 
and Indraratna 2010). 
2.5.3 Factors Influencing Filtration 
A successful filter design is based on three basic requirements, albeit they are contrary in 
nature; the complete retention of base particles, good permeability to allow for the 
seepage of water, and no apparent cohesion but with a sufficient level of compaction. 
Selecting a safer filter material to meet these design requirements requires a proper 
understanding of the factors influencing the base-filter systems. Interaction between the 
real base and filter soils leads to a very complex erosion-capture mechanism of finer 
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fraction by the filter under the influence of a number of factors involved in this process. 
Some of these factors and their influences are briefly discussed below: 
 Geometric factors include the shapes and size distributions of the base and filter 
materials, and the structure and void size distribution for the filter medium (i.e. 
constriction size distribution). In most empirical filter design criteria, the PSDs of 
the base and filter materials are considered to be the most important factors. In most 
laboratory testing carried out so far, PSD is generally considered to be the only factor 
influencing the filtration process. 
 Hydraulic factors describe the applied seepage head, the average and local hydraulic 
gradients evolving from the loss of head due to deteriorating permeability in a non-
Darcian flow regime, the mass flow rate due to particle transport, and the flow 
velocity, etc. If the hydraulic factors are considered, the filter design criteria can be 
relaxed significantly (de Groot et al. 1993, Trani and Indraratna, 2010). 
 Physical factors may include but are not limited to the level of compaction (density) 
of base and filter soils, cohesion, inter-particle friction, surface roughness of 
particles, and specific gravity, etc. The physical characteristics of seepage fluid may 
include density, viscosity, and temperature. By applying a limit equilibrium between 
the disturbing and stabilising forces on an eroding base particle, and considering 
some of the above properties, the mechanism of filtration could be successfully 
modelled in the past (Indraratna and Vafai, 1997, Locke et al. 2001, and Nguyen et 
al. 2013). 
 Mechanical factors define the loading condition (static or cyclic), the type of loading 
(parallel or normal to the interface), and the magnitude of loading such as gravity or 
self-loading, the effective overburden, and variable train loading in transport 
substructures (e.g. Chang and Zhang, 2013, Moffat and Fannin, 2011, Trani and 
Indraratna, 2010, Kamruzzaman et al. 2008, Alobaidi and Hoare, 1996; Chapius et 
al. 1996, Selig and Waters, 1994, Posey, 1976 and Terzaghi, 1922 etc.). Most of the 
existing filter design criteria were established on the basis of laboratory testing or 
classical theories of probability by considering the geometrical and selected physical 
factors. In general, remaining factors such as the mechanical constraints were either 
ignored or compensated for with conservative assumptions. As with the hydraulic 
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factors, the consideration of mechanical factors can allow for a marked relaxation in 
the practical filter design criteria (e.g. Trani 2009). 
 Chemical factors include the characteristics associated with fluid-particle 
interactions that have a significant effect on the fluid flow characteristics and particle 
sizes (dispersion and flocculation). It has been established that the chemistry of 
reservoir water in limestone terrains leads to increased floc sizes and more 
economical filter designs (Locke 2001; Indraratna et al. 1996). Similarly, the pore 
fluid chemistry markedly affects the erosion and capture of cohesive base particles 
by the filters (Reddi and Bonala 1997). 
 Biological factors include changes in the porosity of filter material due to bacterial 
and fungal growths.  
 Other factors may include the pre-requisite length of a filter layer for practical 
purposes, the degree of saturation of the base and filter materials, and disturbance to 
the filter media due to ground movements in the events of earthquakes, etc. 
 
Nevertheless, a consideration of all these factors can lead to an effective filter design, 
although their large numbers and complex interactions may not allow them to be 
implemented in a single practical design tool. Therefore the design problem must be 
simplified such that only certain aspects in modelling the filtration phenomena receive 
attention. Thus far, most researchers only considered the geometrical properties under 
gravity loading, i.e. the PSDs of the base and filter materials are the most important 
factors (e.g. Terzaghi 1922, Sherard and Dunnigan 1985, Vaughn and Soares 1982, 
Indraratna et al. 1996 etc.), while few emphasized the level of compaction as an additional 
factor (e.g. Locke et al. 2001, Raut and Indraratna, 2008, Nguyen et al. 2013). Some 
added the effects of hydraulic and physical factors (Indraratna and Vafai, 1997), while 
others put an additional emphasis on biological factors (Reddi and Bonala 1997). It is 
generally considered conservative to neglect the mechanical factors and assume that the 
hydraulic factors are high enough to mobilise particles, which may or may not be retained 
by the geometric factors of a filter. 
 
Recently, the hydraulic and mechanical factors were evaluated experimentally and 
partially implemented in the design and assessment of internally stable filters (Trani and 
Indraratna 2010, Moffat et al. 2011, Li and Fannin 2008, Moffat and Fannin 2006). In 
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essence, the existing filter design and internal stability evaluation criteria are based on 
geometrical and physical factors with gravity loading, while the hydro-mechanical factors 
are generally ignored. 
 
The following sections are a review of some of the well-accepted filter design and internal 
stability assessment criteria. These criteria can be divided into two broad categories: (1) 
filters under static loading conditions, and (2) filters under cyclic loading conditions. The 
former includes all filter applications except those in transport embankments and 
infrastructures, which come under the latter category; this includes railway subballast and 
subbase in highway substructures. Nevertheless, the design principals remain the same 
regardless of where a filter will be used, so the severity of the field conditions should be 
incorporated to obtain a realistic design. This section presents the existing criteria for 
selecting a filter in the above two categories, both of which are further subdivided into 
PSD and CSD based criteria, as discussed in the following sections. 
 
2.6 Filters under Static Loading Conditions 
This section presents existing filter criteria with reference to embankment dams under 
significant upstream hydraulic pressure. Filters are an integral part of hydraulic structures 
because they protect the core (base) soil from erosion due to internal seepage; base soils 
provide an impermeable barrier which limits seepage through the body of a dam. A filter 
downstream of core is a critical requirement to protect finer fractions from being washed 
away, although concentrated leaks could develop within the impermeable cores of a dam 
due to hydraulic fracturing, differential settlements, shrinkage cracking, and earthquake 
tremors. An effective filter should retain the fines eroding from the core and seal any 
concentrated leaks due to these effects. A critical review of basic principles, applications, 
and limitations of PSD based criteria will be presented first, followed by descriptions of 
existing CSD based approaches. 
2.6.1 PSD based criteria 
Most existing PSD based filter design criteria are obtained empirically from 
phenomenological observations from laboratory filtration tests. Since their first inception 
from Terzaghi (1922), who proposed the following filter selection criteria (Eqs. 2.1), all 
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the existing approaches consider the specific grain size ratios of base and filter soils to 
quantify the effectiveness of filters. 
 Retention Criterion requires a filter to be fine enough to prevent the erosion of any 
base soil particles (the core material in dams to be protected) and piping (Eq. 2.1a). 
 Permeability Criterion requires a filter to be coarse enough to allow a free flow of 
seeping water, thus preventing the build-up of excess pore pressure within the 
hydraulic structures (Eq. 2.1b). 
Both of these conflicting requirements can be described mathematically as follows: 
𝐷 15 𝑑 85⁄ ≤ 4 − 5        (2.1a) 
𝐷 15 𝑑 15⁄ ≥ 4         (2.1b) 
where 𝐷 𝑥 and 𝑑 𝑥 define the filter and base particles, respectively, with the subscript x 
representing the percentage finer by mass. The same notation is followed throughout this 
thesis. 
Terzaghi’s (1922) criteria are still being used for simplified filter design problems 
involving the use of uniform soils (Fannin, 2008). Nevertheless, subsequent researches 
into the filtration of non-uniform soils have greatly improved the knowledge of filter 
design. For instance, a series of laboratory experiments on base soil-filter combinations 
has led researchers to introduce empirical relationships for an effective filter (e.g. Lafleur 
et al. 1984, Sherard et al. 1984, Sherard and Dunnigan 1985). However, these criteria 
may possess certain limitations, e.g. they are only applicable to a selected range of soils 
because of the laboratory bias due to the unique and non-standard testing procedures and 
failure definitions. Most of these criteria do not capture the actual processes that occur 
during filtration, nor do they obtain the desired level of safety in design, so they fail to 
give confidence to the designer. While they do not explain the fundamental mechanics of 
filtration and often include over simplified assumptions with procedural bias, these 
empirical criteria are simple to use and have an implicit consideration for all the major 
factors affecting the process, e.g. the geometric, hydraulic, physical, biological, and 
chemical. 
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Empirical criteria are usually given in the form of representative particle size ratios for 
base and filter soils. These representative particle sizes 𝐷 75, 𝐷 50, 𝐷 15, 𝑑 85, 𝑑 50,
and 𝑑 15 were proposed by a number of researchers on the basis of extensive laboratory 
testing. For instance, Vaughan and Soares (1982), followed by Kwang (1990), used metal 
sieves as filters and showed that using 𝑑 85 to represent the stability of base soil would 
be acceptable. However, Kenney et al. (1985) observed that filters with particle sizes 
from 𝐷 5 to 𝐷 15 would govern their pore constrictions, while remaining independent of 
the shape of the PSD curve and filter thickness, but if relatively coarser base particles 
could retain finer particles (i.e. self-filtering), Terzaghi’s retention criterion (Eq. 2.1) may 
be used to ensure the stability of a granular base-filter system. Honjo and Veneziano 
(1989) analysed this proposition through a statistical analysis on an extensive body of 
published experimental data and practical experience, who confirmed that a grain size 
ratio of 𝐷 15/𝑑 85 was the most suitable parameter for designing granular filters. Similarly, 
other particle size ratios such as 𝐷 50/𝑑 50, 𝐷 15/𝑑 15 proposed by some researchers did 
not correlate well with practical filter performances (e.g. Sherard and Dunnigan 1985, 
Indraratna et al. 1996 etc.). 
 
The filter design criterion of Natural Resources Conservation Service (NRCS, 1994) is 
mainly based on experimental observations from Sherard and colleagues (e.g. Sherard 
and Dunnigan 1989, Sherard et al. 1984a, and Sherard et al. 1984b). It classifies base 
soils into four distinct categories depending on the amount of fines being smaller than 
US #200 sieve size (0.075 mm), determined after regrading the base PSD curves for 
particle sizes larger than US #4 sieve size (4.75 mm). Subsequently, the 𝐷 15 size of filters 
required for each category is determined by the proposed criteria. More recently, 
Indraratna and Locke (1999) improved the above NRCS approach and proposed a 
modified retention criterion (Table 2.1), even though the NRCS criteria also constrains 
the width and 𝐶 𝑢 of an allowable filter band and the maximum particle sizes (𝐷 100) in 
order to prevent broadly and gap-graded filters from being selected, and to avoid 
segregation during placement. Some studies indicated that tests on clay and fine silt bases 
with retention ratios from 6 to 14 (e.g. Sherard and Dunnigan 1985, Sherard and 
Dunnigan 1989, and Foster and Fell 2001) failed, but they still recommended 𝐷 15/𝑑 85 ≤
9 as the most appropriate filter criterion for base soils in category-I. 
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Table 2.1 Recommended filter retention criterion (after Indraratna and Locke 1999) 
Base soil category 
Base soil % passing 
0.075 mm sieve (< 4.75 
mm portion of base) 
Empirical filter criteria 
I.  Fine silt or clay > 85 D15/d85R ≤ 9 
II.  Sandy silts/ clays and 
silty/ clayey sands 
40 - 85 D15 ≤ 0.7 mm 
III.  Sand or sandy 
gravels with few fines 
< 15 and d85R/ d75R ≤ 7 D15/d85R ≤ [5-0.5(d85R/ d75R)] 
IV.  Soils intermediate 
between two previous 
categories 
5 -39 
Extrapolate between the 
previous values based on % 
fraction passing 0.075 mm 
 
Foster and Fell (2001) suggested that the lower limit of fines content and 𝐷 15 for base 
soils in category-II should be lowered from 40 to 35% and from 0.7 to 0.5 mm, 
respectively. 
The filtration of broad (𝐶 𝑢 ≥ 20) and gap-graded soils possesses a unique challenge 
because finer fractions can move within the voids formed by the stationary coarse 
particles even when they are properly retained by a filter layer. For successful filtration 
within this type of soil, the process of self-filtering whereby a stable base-filter interface 
is needed to prevent further erosion of base particles. Lafleur et al. (1989) reported that 
the extent of mass lost is greater for broadly graded base soils before self-filtering 
commences. To mitigate this problem, Locke and Indraratna (2002) proposed a reduced 
PSD approach to determine the stable self-filtering fraction of a broadly-graded 
cohesionless base soil for Categories-I and -II. Accordingly, the base soil PSD curve is 
divided at a point 𝑛 (i.e. the percentage finer corresponding to a particle size 𝑑 𝑛) to obtain 
𝐷 15 and 𝑑 85 for the coarser and finer fractions, respectively (Eq. 2.2). These criteria 
often recommend coarser filters for self-filtering base soils (𝐶 𝑢 ≪ 20), while relatively 
finer filters may be required to protect the broadly graded base soils (𝐶 𝑢 ≥ 20). 
(𝐷 15)𝐶𝑜𝑎𝑟𝑠𝑒 = 𝑑 𝑛+0.15(100−𝑛)      (2.2a) 
(𝑑 85)𝐹𝑖𝑛𝑒 = 𝑑 0.85𝑛        (2.2b) 
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The retention criterion required by the International Commission on Large Dams (ICOLD 
1994) is based on Lafleur (1984) and Lafleur et al. (1989) experimental observations; 
they also studied the filtration of broadly and gap-graded base soils and observed that 
Terzaghi’s (1922) approach led to unsafe filter designs for this base soil group. 
Furthermore, the representative base particle size in these cases is invariably smaller than 
𝑑 85 in comparison to the size of controlling constrictions suggested by Kenney et al. 
(1985). Based on extensive laboratory filtration tests on broadly-graded tills, Lafleur 
(1984) proposed a new design procedure involving Terzaghi’s original criterion. It was 
suggested that 𝑑 85 be replaced with an appropriate indicative base particle size that 
would separate cohesionless base soils from their cohesive counterparts that are 
susceptible to cracks, and have separate design criteria for dispersive soils and non-
dispersive base soils for the latter. The first step with cohesionless bases is to determine 
whether or not the soil is broadly-graded (i.e. 𝐶 𝑢 ≥ 20), and given that segregation 
occurs during placement, base soils with 𝐶 𝑢 < 20 may also be considered as broadly-
graded, otherwise the self-filtration size, 𝑑 𝑠𝑓 = 𝑑 85 should be used. 
2.8.3 CSD based criteria 
As discussed earlier, previous experimental investigations and empirical modelling 
suffers from over simplified assumptions and simplifications that can now be addressed 
more rigorously through analytical modelling and numerical simulations. Recent 
advances in computational methods have led researchers to approach these problems by 
modelling filtration numerically, while emphasising the movement of base particles 
through the filter layer, e.g. coupled fluid and discrete element modelling (CFDEM). 
Mathematically modelling the filtration of base soils can predict any spatial and temporal 
changes in filters and the optimum thicknesses required for complete retention of base 
soils (Indraratna et al. 2007). Recently, the potential amount, extent, gradation, and rate 
at which base particles erode under various geo-hydro-mechanical conditions, and an 
estimate of the probability of filter failure due to clogging at the interface, could be 
successfully modelled (e.g. Nguyen et al. 2013).  
Figure 2.6 shows the limited packing arrangements for particles of real soil and an 
idealised packing of spherical particles. Real soils may contain particles of various shapes 
and sizes where larger particles constitute large void spaces filled up with smaller 
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particles, which then form smaller voids filled with even smaller particles, and so on to 
yield a dense packing (Figure 2.6a). Alternatively, loosely packed particles can form 
“arch” structures (Figure 2.6b) that can be sustained longer, unless they are disturbed by 
external agents such as sudden inundation, shocks, or vibrations. The idealised packing 
of spheres shown in Figure 2.6c describes the limit of particle packing concept (after 
Fuller and Thompson 1907), whereby larger spheres just touch each other to create voids 
that are filled with enough intermediate sized spheres to form finer void sizes to 
accommodate smaller spheres, and so on, without holding them apart to produce 
minimum void spaces. The voids and small passages connecting them (i.e. constrictions) 
within the filter, not the particles, govern the filtration process (Silveria 1965, Silveria et 
al. 1975, Kenney et al. 1985, Locke et al. 2001, Indraratna et al. 2007). The eroding base 
particles are trapped by the smallest constrictions encountered on their way, while the 
constriction size distribution (CSD) depends on the PSD and the 𝑅 𝑑 of filter media. 
Some previous studies into filtration indicated the inadequacies of the PSD based filter 
design criteria when describing their effectiveness (e.g. Locke et al. 2001, Indraratna et 
al. 2008). Recent developments on stochastic theories and particle infiltration models 
have emphasised the use of CSD for more rigorous filter design. The studies conducted 
by Schuler (1996) and Giroud (1996) suggested that the smallest constrictions would be 
the same size regardless of 𝑅 𝑑 and the distribution of coarser constrictions would vary 
with 𝑅 𝑑, having shapes that are similar to the limiting CSD curves. Given that real filters 
are likely to exist at an intermediate 𝑅 𝑑, a more representative constriction model should 
also consider the level of compaction. Indraratna and Locke (2000) assumed that the 
constriction sizes between the densest and loosest states expand in linear proportion to a 
decrease in 𝑅 𝑑, whereas the smallest constrictions remained the same size as the 
constrictions of the densest state; they then proposed the following relationship: 
 
𝐷 𝑐𝑖 = 𝐷 𝑐𝐷𝑖 + 𝑃 𝑐𝑖(1 − 𝑅 𝑑)(𝐷 𝑐𝐿𝑖 − 𝐷 𝑐𝐷𝑖)     (2.3) 
 
where i = 0, 1, 2... n, and 𝐷 𝑐𝐿𝑖  and 𝐷 𝑐𝐷𝑖  are the 100 × 𝑃 𝑐𝑖  coarsest constrictions from the 
loosest and densest CSDs, respectively. This correlation for actual CSD is based on;  
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Figure 2.6 Packing arrangements of real soil particles: (a) dense, (b) loose, and (c) ideal 
“Fuller and Thompson” packing of spheres (adopted from Head 1982)  
 
(i) the densest CSD, (ii) the loosest CSD, and (iii) the filter 𝑅 𝑑. The integer i defines the 
discrete portions of the CSD such that 𝑃 𝑐𝑖 = 𝑖 𝑛⁄  is the fraction of constrictions finer than 
𝐷 𝑐𝑖, which represents the median diameter of the ith portion of the CSD curve. 
  
2.6.2.1 Particle infiltration models 
Based on approximate pore constriction models, some previous studies modelled base 
particle infiltration into filters and evaluated the internal instability potential for granular 
soils. For instance, Kovacs (1981) proposed a capillary tube model to analyse the 
migration of base particles through filters. Kenney et al. (1985) presented a one-
dimensional constriction model to analytically determine the approximate value of the 
controlling constriction of a filter, as given by the largest particle of base soil that could 
erode through the filter. Honjo and Veneziano (1989) modelled the filtration mechanism 
based on the principle of mass conservation in a solid and liquid that could describe the 
mechanism for the erosion and capture of base particles into a filter over time; this model 
could capture the self-healing mechanism and internal instability potential of broadly-
graded base soils. Later on, Indraratna and Vafai (1997) presented a void channel model 
based on the models of Kovacs (1981) and Honjo and Veneziano (1989) to simulate the 
movement of base particles through filters by considering the geometric constraints (e.g. 
the sizes of pore voids and base particles). This analysis was based on limit equilibrium 
between disturbing and stabilising forces. 
The void channel model was extended by Locke et al. (2001) and then Indraratna and 
Radampola (2002), who considered a 3-dimensional cubic void network to accurately  
(a) (b) (c)
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Figure 2.7 Void channel model of Indraratna and Vafai (1997) 
 
model the filtration of broadly-graded base soils by considering the energy loss due to 
particle transport, and the filtration of cohesive base soils (Fig. 2.7). The model 
considered a number of elements (size ≥ 300 × 𝐷 5) at the base-filter interface, while 
particle erosion was modelled through a single pore constriction size 𝐷 0 using a finite 
difference procedure. The model could capture the temporal change in filter PSD, and the 
saturated permeability and porosity, which meant that it could model what occurred at 
the base-filter interface for an entire range of base particles. Srivastav and Sivakumar 
Babu (2011) presented an analytical model similar to Indraratna and Radampola (2002) 
to simulate base particle erosion through filter. More recently, Nguyen et al. (2013) 
applied the Navier Stokes’ equation to the filtration problem and presented a non-linear 
solution to obtain an implicit filtration model which showed remarkable accuracy when 
compared with many existing criteria. 
2.6.2.2  Filter thickness 
Based on the probability of base particle retention by a granular filter, Indraratna et al. 
(2007) proposed that the minimum filter thickness is a function of the mean controlling 
constriction size (𝐷𝑐𝑚). As Figure 2.8 shows, the probability of the forward movement of 
base particles approaches unity and the number of penetration layers (𝑛𝑙) becomes higher 
for base particles up to 35% or finer. At 95% confidence level, this rapidly increasing 𝑛𝑙-
curve for base particles up to 35% finer indicates that any further increase in thickness 
beyond 225× 𝐷𝑐𝑚 will not contribute to any significant retention of base particles. Given 
that 𝐷𝑐𝑚  is computed on the basis of the surface area principle, it varies between 𝐷5 and 
𝐷15 for most practical dam filters, therefore a filter thickness of (ℎ𝑓 = 225 × 𝐷𝑐𝑚) agrees 
Chapter 2 Literature Review  31 
 
well with the laboratory observations of 300 × (𝐷5 to 𝐷10) by Witt (1993), and 200 × 𝐷5  
by Kenney et al. (1985). For typical filter PSDs for hydraulic and transportation 
structures, ℎ𝑓 obtained from existing criteria can vary from 40 to 60 mm (e.g. Ortigao et 
al. 2004; ICOLD, 1994; Cedergren, 1977) so they can be adopted as a preliminary guide. 
Nevertheless, in practice an ℎ𝑓  in excess of 500 mm for dams and 150 mm for subballast 
are recommended based on experience to ensure structural stability and constructional 
feasibility (e.g. ICOLD 1994; Selig and Waters 1994). 
2.6.2.3   Base soil representative parameter (d85,SA) 
Several previous studies have demonstrated why filters decrease in effectiveness when 
the base materials become excessively non-uniform (Indraratna et al. 2007; Raut and 
Indraratna 2004; Locke et al. 2001; Lafleur et al. 1989; Sherard et al. 1984 etc.). Base 
soils with the same 𝑑 85𝑀 (i.e. by mass), but increasing 𝐶 𝑢-values actually reduce the 
amount of base particles larger than 𝑑 85𝑀. The use of 𝑑 85𝑆𝐴 (i.e. by surface area) as the 
representative base soil particle implicitly considers both PSD and 𝐶 𝑢 in tandem. This is 
a realistic representation of PSD for uniform or broadly graded base soils, for which the 
PSDm (by mass) and PSDn (by number) reportedly underestimated the finer fraction and 
coarser fraction, respectively (Humes 1996). The use of 𝑑 85𝑆𝐴 in lieu of 𝑑 85𝑀 when 
analysing the filtration data of non-uniform soils taken from published literature (e.g. 
Lafleur 1984; Honjo and Veneziano 1989; Foster and Fell 2001) was very successful. 
2.6.2.4    The Dc95 model 
Filter effectiveness has been evaluated by criteria based on the representative particle size 
ratios of base and filter soils, but given that the sizes of the pore constrictions within a 
filter govern filtration, not the particles, it would be better to develop filter selection and 
assessment criteria based on constriction sizes. Raut and Indraratna (2004) re-assessed 
the test data of Indraratna and Vafai (1997) based on a newly developed constriction 
based criteria and observed that larger base particles participated less in the self-filtering 
process. This observation was later incorporated into an enhanced filter retention criterion 
by Indraratna and Raut (2006), who proposed that base particles larger than the 
constriction size 𝐷𝑐95 remain intact in their original positions, while  
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Figure 2.8 Effect of Rd on CSD based on analytical solution (Indraratna et al. 2007) 
 
possessing a zero probability of forward movement into the filter. Therefore, the base soil 
PSD must be modified accordingly and a new base soil representative size 𝑑85
∗  must be 
used to assess the retention capacity of filters (Raut and Indraratna 2008).  
𝐷𝑐35 𝑑85
∗⁄ ≤ 1         (2.4) 
 
2.6.2.5    The Dc35 model 
Previous filtration studies reported that mechanical sieves could only retain base soils 
provided that at least 15% of the particles were larger than the sieve aperture (e.g. Honjo 
and Veneziano 1989, Kenney et al. 1985 etc.). Nevertheless, while a real filter consisting 
of randomly sorted particles is more complex than a regular mechanical sieve, it can still 
be assumed equivalent to a sieve with apertures equal to the size 𝐷𝑐35. Based on this 
hypothesis, Indraratna et al. (2007) proposed that an effective base-filter system must 
satisfy Eq. 2.5 to ensure that at least 15% of base particles are available to initiate and 
sustain a self-filtering process: 
𝐷𝑐35 𝑑85𝑆𝐴⁄ ≤ 1        (2.5) 
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This 𝐷𝑐35 based retention criterion is more realistic than conventional PSD based 
approaches (e.g. Terzaghi 1922), because it considers an array of fundamental parameters 
such as the PSD, CSD, 𝑅 𝑑, and 𝐶 𝑢. Using a large body of published data from literature, 
Indraratna et al. (2007) validated this 𝐷𝑐35 model, which showed close agreement with 
the experimental observations. 
2.6.2.6    Implications to Current Design Guidelines 
The constriction based criteria (i.e. 𝐷𝑐95 and 𝐷𝑐35 models) cannot be compared directly 
with the two well-accepted PSD based existing filter selection criteria in practice, namely 
the Sherard (NRCS 1994) and Lafleur (ICOLD 1994) approaches. Both these PSD based 
criteria establish varying filter boundaries depending on the percentage of base fines, 
while ignoring the level of filter compaction. However, since they are based on 
experimental studies on granular soils, Indraratna et al. (2007) and Raut and Indraratna 
(2008) could make a comparison after applying the necessary regrading criterion given 
by 𝐷 15 𝑑 85𝑅⁄ ≤ 4 instead of the conventional 𝐷 15 𝑑 85⁄ < 5 (USACE 1953). The 
constriction based criteria could demarcate a clear boundary between effective and 
ineffective filters, including some with conventional retention ratios D15/d85 that are well 
below 4-5, and which failed to retain non-uniform base soils, but were still plotted in the 
effective zone. Furthermore, these existing constriction based models did not require the 
base soil to be regraded. 
The Dc95 model can inherently satisfy the internal stability requirements, unlike existing 
PSD based criteria which require a prior analysis to examine the internal stability of base 
soils. In plotting the PSDs of self-filtering layers, the gap in all ineffective base-filter 
systems could be clearly established, thus increasing the confidence of filter designers. 
Nevertheless, the existing filter design criteria (e.g. NRCS 1994 and ICOLD 1994) is an 
improvement on Terzaghi’s (1922) original approach; moreover, CSD based models also 
eliminated the limitations of PSD based retention criteria. As Indraratna et al. (2007) and 
Raut and Indraratna (2008) demonstrated, these CSD based approaches are equally 
acceptable methods for distinguishing between effective and ineffective granular filters. 
Integrating the filter PSD, 𝑅 𝑑, and 𝐶 𝑢 with the analytical principles of surface area and 
constriction sizes has made these models more practical, quantifiable, realistic, and 
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rigorous. Figure 2.9 presents a generalised procedure for the design of protective granular 
filters for a given base soil. 
 
Figure 2.9 Generalised protective granular filter design procedure for given base soil 
 
Plot PSD of base soil and assess its internal instability (Ch. 2.8)
Internally 
stable
Consider finer fraction 
after demarcation 
(Ch. 2.6.2.4) or 
regrade (Ch. 2.6.1)
No
Yes
If base particle size < ASTM Sieve No. 4 No
Yes
Determine D15 of the filter using a well-accepted 
criteria (e.g. NRCS 1994; ICOLD 1994)
Yes
If permeability criteria satisfies? No
Yes
Determine filter width considering the range of particles 
up to 60% finer
Adjust coarse and finer fractions to keep to avoid 
the use of gap- and broadly-graded soils
Determine minimum and maximum 
to avoid the use of gap- and broadly-graded soils
Satisfy any well-accepted segregation criteria to avoid the 
selection of potential internally unstable filters
Satisfy retention and internal stability criteria to select safe filters (Ch. 2.8)
Check internal stability of self-filtering layer for enhanced confidence
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2.9 Filters under Cyclic Loading Conditions 
As discussed previously, establishing the grading requirements for filters subjected to 
steady state seepage under static conditions, e.g. embankment dams has been the subject 
of intense research. The filtration mechanism involving subgrade-subballast seepage 
hydraulics under rail-track substructures is governed mainly by the cyclic loading caused 
by passing traffic. The major dynamic factors influencing filtration in rail-track 
substructures may include the loading magnitudes and train speeds (or cyclic frequency). 
Thus far, little research has been conducted to understand the filtration mechanism and 
establish filter selection criteria for cyclic conditions. The filter design criteria currently 
used in practice are mainly based on filtration under static conditions with reference to 
water impounding structures (e.g. Indraratna et al. 1996; Cedergren 1977; USBR 1963; 
USACE 1953; Bertram 1940; and Terzaghi 1922 etc.). These filter criteria were 
established on the basis of steady seepage hydraulics instead of the cyclic hydrodynamics 
of rail-tracks substructures, whereby the sources of hydraulic excitation may include 
precipitation, surface flows, and subsurface seepage from a neighbouring body of water. 
The open surface of ballast allows precipitations to infiltrate into the substructure rather 
than running off the surface. Similarly, undiverted surface water flowing down adjacent 
slopes can also infiltrate through the ballast into track substructure, while in coastal areas 
and offshore sites with high groundwater tables, water can occasionally seep through the 
subsurface and enter the railway substructure.  
 
 
Figure 2.10 Sources of fouling in a ballasted rail track (After Selig and Waters, 1994) 
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Figure 2.10 shows various sources of ballast fouling in a rail track substructure, whereby 
the subsurface infiltrations contribute a major share. It is therefore important to provide 
proper drainage for these potential hydraulic sources to avoid problems related to 
subsurface drainage in rail-tracks. 
 
2.9.2 PSD based criteria 
The subballast or separation function, must prevent direct contact between the ballast and 
subgrade layers and seepage induced upward migration of attenuated subgrade fines into 
the upper layers. Direct contact will allow the subgrade layer to be crushed which could 
lead to extensive attrition of subgrade particles and progressive penetration by ballast 
particles into the subgrade soil; this could increase the upward migration of attenuated 
subgrade fines into the ballast voids causing significant fouling. In rail-track 
substructures, this upward migration of particles can occur in saturated subgrades through 
the following mechanisms (Selig and Waters 1994; Alobaidi and Hoare 1996): 
 
(i) Upward subsurface seepage carrying fine subgrade particles; 
(ii) Seepage induced ejection of slurry from subgrade attrition at the interface; and 
(iii) Combined pore water pressure and seepage induced pumping of slurry as the 
subgrade fissures open and close during loading and unloading cycles. 
 
A properly designed subballast filter layer can prevent both intermixing and migration of 
subgrade particles. Cedergren (1989) reported that filter criteria were first proposed by 
Bertram (1940) based on suggestions from Terzaghi and Casagrande. Subsequent studies 
from USACE (1953) and USBR (1963) proposed the following PSD based criteria: 
𝐷 15 𝑑 85⁄ ≤ 4 − 5        (2.6) 
𝐷 50 𝑑 50⁄ ≤ 25        (2.7) 
Although these criteria are similar to those reported in Eqs. 2.1 and 2.2, Eq. (2.7) prevents 
gap-graded filters from being selected, and thus ensures good permeability. For cohesive 
base soils without silt and sand fractions, the above criteria can be modified, whereby the 
D15 for filters may be limited to 0.4 mm, while ignoring Eq. (2.7) for easier filter selection. 
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Furthermore, to prevent selecting potentially internally unstable filters prone to particle 
segregation, the coefficient of uniformity 𝐶 𝑢 (= 𝐷 60 𝐷 10⁄ ) should not exceed 20. In fact 
the permeability of subballast layer should be an order smaller than ballast but 
significantly larger than the subgrade soil, and with its lateral surface sloped outwards 
from the track to allow water seeping from the subgrade and that developed due to excess 
pore pressure generated from dynamic train loading to drain away; as would be expected 
with permeable subgrade (i.e. layers of natural sand or sand-gravel), and when no 
significant upward drainage is expected (e.g. embankments in the regions of low water 
tables). 
The well-accepted selection criteria for railway subballast filter in practice are still the 
subsequent derivatives of Terzaghi’s (1922) filter design method due to the lack of 
research into the filtration of granular soils under cyclic conditions. An inappropriate 
filter layer selected as a consequence of using these criteria will not perform the required 
functions, thereby causing substantial ballast fouling and clay pumping. A very limited 
body of experimental data is available in literature for establishing the design criteria for 
subballast filter (Chung et al. 2012; Trani and Indraratna 2010; Haque et al. 2008; Kabir 
et al. 2006), most of which addresses filtration with a specific cohesion-less base soil. 
Various tests were conducted by Haque et al. (2007, 2008), Kabir et al. (2004), and 
Kamruzzaman et al. (2008) to establish laboratory data and understand how the granular 
subballast layer behaves with varying 𝐶 𝑢 and loading frequencies 𝑓 (Hz). These 
experiments were performed in a cyclic filtration apparatus at different frequencies (1-15 
Hz). The results indicated that a piping ratio between 7 and 9 and a permeability ratio 
between 106 and 135 were recommended for an effective subballast filter subjected to 
maximum 10 Hz loading frequency. However, no unique recommendations were given 
to govern the piping and permeability ratios, instead, further investigations to determine 
a rigorous and rational design criteria were advised. 
 
2.7.1.1    Requirements for Subballast Layer 
To facilitate construction and subsequent compression due to dynamic loading, a 
subballast filter should have a nominal compacted thickness of at least 150 mm. Given 
that this filter also serves as a mechanical capping layer to transfer loads from ballast to 
subgrade, it must be permeable enough to avoid a large build- up of pore pressure under 
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cyclic loading, have a durable particle fabric, and be insensitive to variations in the 
moisture content. A sand-gravel mixture consisting of crushed and abrasion resistant 
minerals can fulfil the above requirements, but since they may or may not be abundant 
naturally, they can be obtained by crushing rocks and industrial slags. Soils susceptible 
to frost must be properly insulated by a thick protecting layer of material that is not 
susceptible to frost before further construction that could also limit freezing and thawing 
temperatures. The layers of ballast and subballast insulate the natural subgrade soils and 
their good drainage limits the accumulation of seeping water, thereby avoiding problems 
related to subgrade soils freezing and thawing. 
2.9.3 CSD based criteria 
As discussed previously, pore constrictions govern the filtration of granular soils, not the 
grain sizes which form these constrictions at a given level of compaction. Under static 
conditions, filter compaction does not change much during the entire filtration process, 
and therefore variations in the sizes of pore constrictions are only governed by the erosion 
and capture of base particles. However, cyclic densification caused by dynamic train 
loading reduces the sizes of pore constrictions, which can then retain even finer base 
particles and exhibit substantial reductions in permeability. Trani and Indraratna (2010) 
observed that a filter selected through the optimum constriction size based retention 
criteria of Indraratna et al. (2007) and Raut and Indraratna (2008), showed up to ten-fold 
reductions in permeability. In fact these filters actually exhibited suffusion, even though 
they were deemed geometrically internally stable by the existing criteria. 
 
Alternatively, a too coarse filter could not reduce its constriction sizes enough to retain a 
silty base soil (Trani 2009). It was therefore concluded that a successful filter should be 
able to fulfil the requirements of retention and permeability after cyclic densification has 
occurred by following the modified CSD based criteria proposed by (Trani and Indraratna 
2010): 
𝐷𝑐,35 𝑑 85𝑏
∗⁄ ≤ 3 − 4        (2.8) 
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Figure 2.11 Illustration of various seepage induced failures in granular soils 
 
2.10 Internal Stability of Granular Filters 
Internal instability is where filtrates under the influence of strong seepage forces wash 
out the finer fraction from non-uniform broadly and gap-graded soils, resulting in marked 
deteriorations in their geo-mechanical properties, e.g. changes in soil gradation, large 
volumetric strains, and increased permeability of granular media, etc. Seepage induced 
failures in granular soils (i.e. downstream filters in dams) were observed to be the major 
causes of worldwide failures of hydraulic structures, contributing more than 46% to all 
the embankment dam failures so far (Richards and Reddi 2007). These failures, generally 
recognised as internal instability phenomena, could be categorised as; (a) heave or piping 
(i.e. sand boiling), (b) suffusion or washout, and (c) external or internal erosion. These 
could lead to the formation of sinkholes in dams, subsidence in railway and highway 
substructures due to fines being pumped through pipe formations, and embankment 
breaching, etc. (Trani and Indraratna 2010; Selig and Waters 1994; Skempton and Brogan 
1994). A soil layer could be susceptible to any of these aforementioned instabilities due 
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to seepage, which in fact may be unique for a set of associated hydro-geo-mechanical 
characteristics (Fig. 2.11). 
 
Li (2008) reported that seepage failures usually began spatially and variably along the 
sample depths during hydraulic tests. Moffat and Fannin (2011) reported internal 
instability as spatio-temporal in nature and occurred due to some specific combinations 
of effective stresses and critical hydraulic gradients for a given soil. Some studies 
highlighted that downstream filters in embankment dams experienced complex stress 
states, and their physical and mechanical properties deteriorated significantly due to 
suffusion and internal erosion under variable stress conditions (e.g. Chang and Zhang, 
2013; Xiao and Shwiyhat, 2012). 
In practice, the internal instability potential of soils is assessed through various 
approximate PSD-based geometrical criteria that were established based on 
phenomenological observations from laboratory hydraulic tests (e.g. Kenney and Lau 
1985; Kezdi 1979, etc). Nonetheless, these methods conservatively demarcate boundaries 
between stable and unstable gradations and their internal instability is then believed to be 
exhibited only by the latter (Li and Fannin 2008). However, under cyclic loading, even 
some of the geometrically assessed stable gradations show suffusion of their skeletal 
fines, similar to internally unstable soils (Trani and Indraratna, 2010). Nonetheless, 
granular soils can be used as capping and drainage layers in railway and highway 
substructures as subballast and subbase, respectively, where filtration occurs under heavy 
cyclic loading due to passing traffic such as heavy haul freight and high speed passenger 
trains. 
2.10.2 Under static loading conditions 
The occurrence of internal instability in granular soils under static conditions has been 
studied by a number of researchers, the details of which will be presented in a later 
section. It generally occurs in broadly and gap-graded soils subjected to large hydraulic 
pressures where the potential for instability is governed mainly by their particle 
gradations (Shire et al. 2014). The possible outcomes of internal instability that may cause 
significant damage to protected hydraulic structures are shown in Figure 2.11. 
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2.10.2.1 Damages caused by internal instability 
The following may be the most common consequences of internal instability in filters 
protecting hydraulic structures under static conditions: 
 Sinkholes: The most common and critical failure due to internal instability in 
granular soils is the development of sinkholes in embankment dams and other water 
impounding soil structures. They stem from seepage induced internal erosion that 
creates cavities within the embankment body, and appear as large subsidence pits 
and holes over a dam’s face. Sinkholes are considered to be a potential risk to a dam’s 
stability and durability, and may result in uncontrolled seepage and dam breaching. 
The formation of sinkholes in the WAC Bannett dam in Canada (Moffat et al. 2011; 
Moffat and Fannin 2006; Stewart and Garner 2000) and the Mangla and Terbela 
dams in Pakistan (Skempton and Brogan 1994; Haq 1996) could be regarded as the 
consequences of using broadly and gap-graded filters. 
 
 Embankment breaching due to piping: Flood protection and river training 
embankments are constructed from naturally abundant soils. The horizontal flow of 
river water and seepage due to tidal actions can washout the embankment material 
protected by granular filters from surface erosion and internal seepage. The use of 
potential internally unstable material as protecting filters may result in embankment 
breaching due to large soil erosion. Some studies have indicated a severe loss of 
properties and human lives due to the breaching of protecting embankments in the 
recent floods in the Indus river in central Pakistan (Malik et al. 2008; Malik and 
Hussain 2012; Khan et al. 2012)  
 
 Slope failures: Seepage induced slope failures are associated with surface and 
subsurface runoff due to rainfall and ground water flows (Werth et al. 2011), which 
cause the surface erosion of soil and the development of excess pore pressures due 
to poor drainage that promotes shear failure. Properly designed protecting filters can 
avoid these failures, although the use of internally unstable filters will result in 
excessive erosion and slope failure. 
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 Others situations: Washout of the surface protecting lining of canals and transport 
embankments such as rip-rap, and the internal erosion of permeable reactive and non-
reactive barriers to treat ground water could be due to using potentially internally 
unstable soils. 
 
2.10.3 Under cyclic loading conditions 
Although no specific studies have been published in relation to the internal stability of 
soils under cyclic conditions, the filtration data currently available could indicate that the 
agitation of soils under dynamic loading plays a vital role, as could the factors that govern 
internal stability under static conditions. These could result in the occurrence of any of 
the aforementioned internal seepage failures in soils subjected to severe cyclic loading 
(Fig. 2.11), whether or not they are geometrically stable.  
2.10.3.1 Track degradation modes in relation to internal instability 
The followings can be the possible modes of seepage induced internal instability failure 
in granular soils subjected to cyclic train loading in railroad substructures: 
 
 Ballast fouling: The mechanical action of dynamic loading causes the attenuation 
of natural soils at the interface between engineered and natural layers (i.e. subgrade-
subballast interface). In a saturated rail-track substructure, these attenuated fines can 
be transported into the upper layers due to strong hydrodynamic forces stemming 
from seepage and the development of pore pressure due to cyclic loading. This 
causes fouling of the main load carrying ballast layer, and also increases the 
probability of undrained failure and reduces the speed limits of passing trains (Selig 
and Waters 1994; Trani and Indraratna 2010). Nevertheless, most fouling comes 
from above the ballast layer; indeed some studies have indicated that more than 18% 
of fouling is associated with fine particles coming from the substructure (Selig and 
Waters 1994), which means that a subballast filter is critical in mitigating fouling 
from the subsurface.  
 
 Clay pumping: Another consequence of the severe hydraulic erosion of subgrade 
particles can be the pumping of fines, whereby attenuated fines intermix with the 
water and form slurry in rail-track substructures. Strong hydrodynamic forces cause 
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this slurry to eject out at the track surface after forming pipes through weak joints 
and interconnected voids, resulting in occasional track subsidence. A correctly 
designed and internally stable subballast filter can significantly reduce clay pumping. 
 
 Hydraulic erosion of track components: In high speed railway substructures, the 
development of excess pore water pressure can be excessive and may cause stronger 
seepage forces and higher suction. The rain water that accumulates beneath sleepers 
and within the substructure due to poor track and subsurface drainage can be ejected 
out under this immense hydraulic pressure and cause the erosion of sleepers and other 
track components. This inevitably increases the cost of track maintenance and 
endangers train operations at the required speed limits. Safe and effective filter layers 
can conveniently mitigate this problem. 
 
 Others: The other possible outcomes of subsurface particle erosion could be; (i) the 
lateral ejection of slurry causing track subsidence, (ii) localised liquefaction in 
subgrades due to poor drainage that promotes local shear failure and track 
derailment, and (iii) the slope failure of tracks built over fills during floods, etc. 
 
2.11 Assessing the Potential for Internal Instability 
The internal instability of granular soils has various terminologies, depending on the type 
of failure; these include inherent stability (USACE 1953), suffosion (Kenney and Lau 
1985), suffusion (Indraratna et al. 2011; Kezdi, 1979), backward erosion (Richards and 
Reddy 2007), segregation piping (Skempton and Brogan 1994), and piping (Terzaghi 
1939). Suffosion and suffusion respectively define the local redistribution of fines with 
limited erosion and complete washout of finer fraction from the matrix at gradients well 
below the theoretical critical gradient of Terzaghi (1922). Backward erosion is mostly 
attributed to the erosion of fines from soil masses which support the formation of stable 
roofs (cohesive cores); but it is outside the scope of this paper. However, piping, sand 
boiling and heave failures are attributed to the dislodgment of fines from the matrix in 
the form of pipes, bubbles, and uplift due to the development of horizontal channels at 
the bottom or closer to the theoretical critical hydraulic gradient (Terzaghi 1939; 
Skempton and Brogan 1994). 
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Thus far, the problem of internal instability has been considered within the scope of using 
filters in hydraulic engineering practices, and with external and internal erosion (Vaughan 
and Soares 1982; Kenney and Lau 1985, 1986; Chapius 1992; Skempton and Brogan 
1994). However, the application of filters is not limited to hydraulic structures they have 
also been recognised in various railway substructures where a sub-ballast filter became 
unstable under cyclic train loading during laboratory filtration tests conducted by Trani 
(2009). This section summarises some of the well-accepted past studies on the internal 
instability of granular soils. These studies are classified on the basis of the principals 
considered in the formulation of their associated criteria, namely: 
 Empirical investigations: Experimental studies and relevant criteria. 
 Theoretical investigations: Studies based on mathematical and soil mechanics 
principals that may or may not be verified by laboratory tests. 
 Numerical investigations: Research studies based on numerical simulation of 
filtration processes.  
 Analytical investigations: Research studies based on strong analytical principles 
that may or may not be supported by laboratory tests. 
The next section is devoted to recognising this problem with regards to railway 
engineering practices. 
 
2.11.2 Empirical investigations 
Terzaghi (1922) performed laboratory tests for the very first time with the specific 
intention of replicating the heave or piping failure that is generally experienced in the 
foundations of concrete dams (Fannin 2008). This study involved a typical permeameter 
filled with uniformly graded fine sand subjected to an upward seepage of water under 
gradient controlled tests. A small weight was placed on top of the sand during this test. 
The hydraulic gradient subsequently increased to a level when the effective weight of the 
sand vanished and the weight sank to the bottom of the cell as if there had been no sand 
at all. The corresponding gradient was called the critical hydraulic gradient and reads (Li 
2008): 
 
𝑖𝑐𝑟 =
𝛾𝑠𝑢𝑏
𝛾𝑤𝑎𝑡𝑒𝑟
= (𝐺𝑠 − 1)(1 − 𝑛)       (2.9) 
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Where 𝛾𝑠𝑢𝑏, 𝛾𝑤𝑎𝑡𝑒𝑟 , Gs, and n represent the submerged unit weight of soil, water, soil 
specific gravity and porosity respectively. These results led Terzaghi to perform further 
model tests on weirs and sheet-pile cofferdams. From these observations Terzaghi 
recommended placing a permeable surcharge he called a loaded inverted filter, over the 
exit points downstream to prevent sub-surface erosion. The basic theory involved in this 
recommendation was to increase the effective stress in the filter, which may be in the 
form of an inherent increase in its weight or by placing a berm (surcharge) on top of the 
filter (Fannin 2008). 
Another lesser known experimental investigation was carried out by Bernatzik (1947) 
who mixed poorly-graded cohesion-less soils and then carried out laboratory tests to 
study internal erosion when they were subjected to a flow of water (see Kezdi 1979). No 
further discussions have been found on the empirical findings of this research (Moffat 
2005). Kezdi (1979) reported another investigation carried out by Kezdi and Konyary 
(1971) in Hungarian, specifically intended to study the self-filtration phenomenon by 
mixing various cohesion-less soils. The results of laboratory tests were analysed to 
present an empirical criterion for assessing the potential for internal instability on the 
basis of the gradation geometry of soils. 
 
USACE (1953) conducted experiments at Vicksburg to evaluate the role of gradation and 
finer fraction on inherent instability. Four samples of soil were place loosely and 
uniformly into a 125 mm diameter hydraulic chamber and then subjected to a constant 
head permeability test under unidirectional and downward flow at a gradient of 0.5 to 16. 
It was concluded that the samples containing 50% gravel and 50% sand (A) and 70% gravel 
and 30% sand (D) were internally unstable and were not suitable for use as filters. However, 
mixtures containing up to 30% gravel and 70% sand (B) and 10% gravel and 90% sand (C) 
were internally stable and B was considered to be the better of the two because it had 
better drainage characteristics. 
 
The era from early the 1960’s to the late 1970’s in China witnessed extensive research into 
the internal instability in granular soils because a large number of hydraulic structures were 
being constructed in China. The original work was conducted in 1963 by Liu, as reported in 
a paper by Mao (2005) and a book by Liu (2005), involved a typical experimental setup to 
evaluate internal stability (Li 2008). The method involved dividing the gradation into coarse 
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and fine fractions, so if the fines fully occupied the void spaces formed by the coarser 
fraction, the soil is deemed internally stable. If f (%) represents finer fraction, then following 
domains were defined for a known division point on the gradation curve to evaluate internal 
stability: 
 
f > 35,    (Internally stable)     (2.10a)  
f = 25 ~ 35,    (Transition condition)    (2.10b)  
f < 25,     (Internally unstable)     (2.10c) 
 
Similarly, on the basis of experimental observations in 1981, Mao (2005) proposed an 
empirical relationship between percentile finer Pf (%) and porosity n of non-cohesive soils, 
which reads: 
 
𝑃𝑓 ≥ [100 ×
1
4(1−𝑛)
]  (Internally stable)     (2.11c) 
 
𝑃𝑓 < [100 ×
1
4(1−𝑛)
]  (Internally unstable)     (2.11c) 
Mao (2005) also proposed another empirical relationship between the critical hydraulic 
gradient and a function of percentile finer (Li 2008): 
 
𝑖𝑐𝑟 =
7𝑑5
𝑑𝑓
[4𝑃𝑓(1 − 𝑛)]
2
  ; df =1.3√𝑑15 × 𝑑85   (2.12)  
These empirical relationships found practical utilisations in China (levee and sluice 
design) and have since been adopted by a couple of technical standards: “Code of 
geological investigation for levee project (SL188-2005)” (Ministry of Water Resource, 
2005) and “Design specification for sluice (SL265-2001)” (Ministry of Water Resource, 
2001) (Li 2008). 
Kenney and Lau (1985) argued there are three essential conditions for a filter material to 
exhibit internal instability: 
 
1- The presence of a primary fabric in the compacted granular soil which can support 
the applied stresses without leaving their place. 
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2- The presence of loose particles within the void network with the potential of 
movement due to imposed flow stresses. 
3- The controlling constriction size in the pore network must be larger than some of the 
finer particles with a tendency to move. 
 
Kenney and Lau (1985) proposed an indirect but simple method that is applicable to 
widely graded (WG) and narrowly graded (NG) filter gradations. It states that for a 
compacted material, if (H/F)min > 1.3 then the grading is stable and the filter is internally 
stable. For loosely compacted materials (Narrowly Graded), (H/F)min > 1.3 may be 
considered appropriate. However, the discussions by Milligan (1986) and Sherard and 
Dunnigan (1989) subsequently yielded a revised version corresponding to the Fuller 
curve with (H/F) > 1.0 (Kenney and Lau, 1986), where H = Mass fraction between D and 
4D, D = Diameter of soil particle randomly selected on the gradation curve, and F = Mass 
fraction of the particles obtained from the gradation curve corresponding to the portion 
between D and4D. Although Kenney and Lau (1985) incorporated the effect of vibrations 
through a hydrodynamic number (R’ = (qD5/n.υ) > 10) to the samples, that was only to 
maximise flow through filter without causing particles to accumulate.  
 
The empirical findings from laboratory tests on 22 non-cohesive gradations, with Cu up 
to 200 and a maximum particle size of 100 mm, led Burenkova (1993) to postulate a 
semi-empirical method. It was assumed that when the finer fraction is mixed with a 
coarser fraction it does not form part of the basic soil skeleton if it does not cause an 
increase in volume. Based on the three sizes, d
15
, d
60
, and d
90
 selected as the representative 
fractions of soil, from which a novel concept of “conditional factors of uniformity” was 
presented to describe the heterogeneity of a granular soil. Mathematically: 
 
ℎ′ = 𝑑90 𝑑60⁄           (2.13) 
ℎ′′ = 𝑑90 𝑑15⁄          (2.14) 
Burenkova (1993) suggested boundaries in the form of contours separating suffosive soils 
from non-suffosive soils in a plane formed by these factors, as shown in Figure 2.12. The 
non-cohesive soils plotted in Zone-I and Zone-III may be considered suffusive, while  
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Figure 2.12 Burenkova’s Method (modified after Burenkova 1993) 
 
Zone-II accommodates the non-suffosive soils and the artificial soils plot within Zone-
IV represents artificial soils. The ratio (d90/d60) can be used to approximate the resulting 
domain for internally stable soils such that: 
 
[0.76𝑙𝑜𝑔 (
𝑑90
𝑑15
) + 1] < (
𝑑90
𝑑60
) < [1.86𝑙𝑜𝑔 (
𝑑90
𝑑15
) + 1]    (2.15) 
 
Subsequently, Skempton and Brogan (1994) reported another method for understanding 
the internal instability of filters which states there is a critical content of fines S* below 
which the fines do not fill the pores between the coarse components in a widely graded 
material. They also promoted the rule of Kovacs (1981), which states that gradations 
where Cu < 10 are stable and self-filtering and materials with Cu > 20 are generally 
unstable. Kovacs (1981) claimed that if the fines exceeded 35%, the coarse particles will 
be floating in a matrix of fine particles, so in this case the porosity of coarse fraction can 
be calculated by  𝑛𝑐 = [𝑛 + 𝑆𝑓(1 − 𝑛 )]. This is a more generalised expression to 
determine the porosity of the coarser fraction, and it is valid for any given values of 𝑆𝑓 
and 𝑛. But if the finer fraction exceeds 35% and overall porosity > 20% then the coarser 
porosity will exceed 45% and the coarse particles will practically cease acting as a filter 
for the finer fraction. 
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For internally unstable sand and gravel mixtures of Kenney and Lau (1985), piping occurs 
at an upward critical hydraulic gradient (typically at 1.0) given by the classical theory of 
Terzaghi (Skempton and Brogan 1994). To find the critical gradient at which particles 
begin to migrate, laboratory tests were conducted at Delft by Adel et al. (1988) on 
probably loose samples with large dimensions. For very unstable material, a critical 
hydraulic gradient of 0.16 was recorded for the criterion being a loss of fines exceeding 
1 g/m2/sec in 30 minutes. However, for sandy gravels with (H/F)min= 0.5, very high values 
of 𝑖𝑐𝑟 were recorded. Skempton and Brogan (1994) raised an important question on 
Kenney and Lau (1986) regarding the critical hydraulic gradient at which fines began to 
move, because no such information was provided in their proposed method. Following 
Adel et al. (1988), Skempton and Brogan (1994) performed laboratory tests using an 
apparatus with horizontal flow. They reported that the critical hydraulic gradients 
required for initiating piping failure ranged from 0.16 to 0.7, depending on the degree of 
internal stability. Later on they carried out vertical flow tests as well because no such data 
was available in the literature at that time and reported higher values of upward critical 
hydraulic gradients than observed by Adel et al. (1988) for horizontal flow. Although 
quite tentative, it was recognised that internally unstable gradations can be characterised 
with the help of a hydro-geometrical envelope, formed by the critical hydraulic gradient 
and stability index, as presented in Fig. 2.13. 
Honjo et al., (1996) tested gap graded cohesion-less soils that lacked a medium sand 
fraction. Their experimental scheme involved preparing 100 mm long test specimens with 
diameters from 150 to 300 mm, compacted at an unknown density, and then subjected to 
a downward flow of water under a nominal surcharge of 1 kPa with mild vibrations. An 
excessive loss of fines was set as an indicator of internal instability. A rationale of the 
gap ratio (the ratio of the diameters of the upper and lower bound of the gap) was used to 
characterise internally unstable soils, and this was found in direct relationship with the 
amount of eroded fines. A gap ratio of 4 was set as the upper limit to distinguish internally 
stable and unstable soils. A number of recent studies (Moffat 2002, 2005; Moffat and 
Fannin 2006; Li 2008) have adopted Kezdi’s (1979) method, and have recommended its 
validity from the analysis and test data from many past studies (Burenkova 1993; 
Skempton and Brogan 1994; Kenney and Lau 1985). 
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Figure 2.13 Hydro-geometrical criterion for internal stability of granular soils (after 
Skempton and Brogan, 1994) 
 
These studies were generally based on the empirical results obtained through laboratory 
tests, and then synthesized with the basic principles of soil mechanics to characterise the 
internally unstable gradations. The general test procedure involved evaluating the large 
and small permeameters of the representative core and transition materials (broadly-
graded and gap-graded soils) obtained from the WAC Bennet dam site (Li 2008). 
Unlike many traditional past studies on sandy-gravel mixtures (mostly), Wan and Fell 
(2004) performed laboratory tests on 14 samples of silt-sand-gravel and 14 samples of 
clay-silt-sand-gravel to investigate their internal instability. The test procedure involved 
reconstituting the sample at a specified density to obtain a 300 mm in diameter by 300 
mm long sample, submitted to a downward flow at a hydraulic gradient between 10 and 
18. After comparing their results with those from past studies, Wan and Fell (2004) 
concluded: 
 
1. 𝐶𝑢 has no relationship to internal instability (see e.g. USACE 1953; Istomina 1957 
(Kovacs 1981)). 
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2. The methods based on the rationale of splitting a gradation are conservative (see 
e.g. Kezdi 1979; Sherard 1979). 
3. The method of Kenney and Lau is also conservative because it assesses internally 
stable soils as unstable (Kenney and Lau 1985, 1986). 
4. The method of Burenkova is less conservative than all the others (Burenkova 
1993). 
 
After performing tests to evaluate the hydraulic factors governing the instability of the 
same 14 samples with a similar test procedure and conditions, Wan and Fell (2004) 
further concluded: 
1. A hydraulic gradients as low as 0.5 was enough to trigger failure in internally 
unstable soils. 
2. No unique relationship was recognised between critical hydraulic gradient and 
stability index (𝐻 𝐹⁄ )𝑚𝑖𝑛. 
3. Loose soils (with high porosities) exhibited instability at gradients as low as 0.3. 
4. Soils with cohesive fines eroded at relatively higher gradients than those with a 
similar fraction of non-cohesive fines. 
5. A direct relationship was found between specimen density and critical hydraulic 
gradient. 
6. Gap graded soils erode at much smaller gradients than non-gap graded soils, with 
same percentage of non-cohesive fines. 
 
In a later experimental study, Wan and Fell (2008) modified the Burenkova (1993) 
method and proposed an enhanced technique based on probability contours to assess 
potentially unstable gradations. Through a critical review and comparative evaluation of 
some of the renowned geometrical techniques (Kenney and au 1985, 1986; Kezdi 1979; 
Sherard 1979), Wan and Fell (2008) revealed their inherent conservatism and advocated 
this new method. 
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Chang and Zhang (2013) explained the hydro-mechanical behaviour of internally 
unstable, gap-graded shell (core) materials under complex stress conditions. Their 
laboratory tests were performed on typical gap-graded sand where the medium sand 
fraction was largely missing under drained triaxial compression, triaxial extension, and 
isotropic stress states. Based upon their empirical findings, three different critical 
hydraulic gradients termed as initiation, skeleton deformation, and failure, was defined. 
A direct relationship between the initiating critical gradient and shear stress ratio was 
recognised in triaxial compression tests, which decreased near failure. However, a larger 
initiation and skeleton-deformation gradients were reported in isotropic stress conditions. 
The onsets corresponding to the various definitions of gradients are presented in Figure 
2.14. Brief overviews of some of the well-known experimental modellings and internal 
stability criteria are summarised in Tables C1 and C2 of Appendix-C, respectively, but 
these lists should not be considered as complete. 
 
2.11.3 Theoretical Investigations 
A rather simple and quick theoretical method was presented by Istomina (1957) for a pre-
requisite assessment of internal instability potential of a given gradation (see Kovacs 
1981). This method only requires the grain size distribution curve and assesses the 
internal stability using the uniformity coefficient of the soil. Gradations with 𝐶𝑢 up to 10 
may be considered internally stable, from 10 to 20 they may be considered as a 
transitional material (requiring experimental evaluation), and those with 𝐶𝑢 beyond 20 
are conservatively deemed internally unstable soils. The work of Lubochkov (1969) on 
internally unstable materials is not well known to people outside Eastern Europe (Kenney 
and Lau 1985). Through elaborated theoretical and analytical principals, Lubochkov 
(1969) elucidated that the probability of a particle movement depends largely on the 
shape of the grain size distribution curve, but this was contradicted Istomina’s (1957) 
theory that postulates that materials with coefficient of uniformity exceeding 20 are 
internally unstable. 
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Figure 2.14 Schematic illustration of soil micro-structure at various stages of suffusion 
(modified after Chang and Zhang 2013). 
 
Lubochkov (1969) presented an analytical method based on the hypothesis that a soil 
gradation is not susceptible to internal instability (suffusion), if the slope of its particle 
size distribution (PSD) curve is parallel to, or flatter than the limiting grain size 
distribution curve. If d, W(x), and χ represents an arbitrary grain size on the gradation 
curve, percentile finer by mass corresponding to grain size χ and coefficient associated 
with factor of safety respectively, the limiting PSD may be given as (see Kovacs 1981): 
(
1
𝜒0.60
) × [
𝑊(𝑥𝑑)−𝑊(𝑑)
𝑊(𝑑)−𝑊(
𝑑
𝑥
)
] < 1.0        (2.16) 
Kezdi (1979) reported a method for assessing the internal instability of soils, originally 
developed by Kezdi in 1969, which involves splitting the grain size distribution curve 
into two, where the upper half of the curve is considered to be a coarser fraction and the 
lower one as a finer fraction. This reduces the problem to a typical base-filter system  
which may then be conveniently tested for the limiting retention criterion of Terzaghi 
(1939) such that (𝐷15
𝑐 /𝑑85
𝑓
) must not exceed 4 for a stable gradation. Where (𝐷15
𝑐 ) is the 
representative particle, the size of the coarser fraction (filter) and (𝑑85
𝑓
) is the 
representative particle size of the finer fraction. 
 
Force chain Force chain
Force chain
Settlement due to erosion
(a) No erosion (b) Initiation of erosion (b) Skeleton deformation
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This discretisation scheme continues to search for the maximum value of the limiting 
retention criterion, unless the whole subject gradation is examined (see Figure 2.15). 
Kezdi (1979) successfully applied this criterion to gap-graded cohesion-less soils, which 
exhibited internal erosion in laboratory tests conducted by Bernatzik (1947). This practice 
widened the scope of this theoretical method and extended the application of the method 
from uniformly graded to gap-graded cohesion-less soils. This criterion was later adopted 
independently by De Mello (1977) to assess the suitability of skip-graded soils with 
respect to internal erosion. 
 
The threshold of the instability ration (𝐷15
𝑐 /𝑑85
𝑓
) was later revised by Sherard (1979) from 
Terzaghi’s limit (up to 4) to 4 ~ 5. Lowe (1988) recommended using the same approach 
assess the self-filtering ability of gap-graded and broadly-graded soils. Kezdi (1979), 
Kenney and Lau (1985) and Aberg (1992) provided means to test soils for internal 
stability (Richards and Reddy 2007). Kezdi’s (1979) criteria can be expressed for soils 
with PSD with a slope that is flatter than 15% per four times the change in grain size; the 
material is considered to be a stable grading and the filter is termed internally stable (Li 
and Fannin 2008). Kezdi (1979) and Kenney and Lau (1985) required almost similar 
mathematical expressions to represent this, but for the Kenney and Lau criterion the 
boundary line is a 1:1 trend on a PSD, which is slightly steeper than Kezdi (1979). 
Li and Fannin (2008) critically compared the methods of Kezdi (1979) and Kenney and 
Lau (1985, 1986), and postulated on the basis of an analysis of their test results and data 
from literature that Kenney and Lau’s (1985, 1986) method is the more conservative of 
the two at percentiles finer F > 15%, whereas Kezdi’s criterion is more conservative at F 
< 15%. Kovacs (1981) presented a simplified theoretical approach to describe the void 
size distribution of a granular soil, based upon porosity, the shape factor, and Kozeney’s 
effective diameter from soil PSD. The model found a lot of applications in porous media 
theory as well as filtration analyses to assess the potential internal instability of cohesion-
less soils (Indraratna and Vafai 1997). The model assumes a simplified packing of soil 
particles with a specific porosity, resulting in the formation of parallel capillary tubes, 
similar to many past capillary tube models adopted in hydraulics and fluid mechanics 
studies (Darcy 1856). The average pore size was set to represent idealised pore spaces 
and can be calculated by: 
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Figure 2.15 Illustrations of Chapius (1992) and Kezdi (1979) criteria. 
 
𝑑𝑜 = 4𝑛𝐷ℎ 𝛼𝑠(1 − 𝑛)⁄         (2.17) 
where symbols such as do, Dh, 𝛼𝑠, and n are average diameter of the pore, Kozeney’s 
effective diameter, the shape factor, and the porosity of the subject soil sample. The 
capillary tube model of Kovacs (1981) did not obtain the immediate attention of 
researchers and had never been verified experimentally until Indraratna and Vafai (1997) 
adopted it in an analytical filtration study. A later extension of this study by Locke et al. 
(2001) and Indraratna and Radampola (2002) contributed significantly to the filtration of 
cohesion-less base-filter systems by applying limit equilibrium between the stabilising 
and disturbing forces. For further details, the reader is encouraged to cite the references 
provided here.  
Li and Fannin (2011) modified the constraints of Kovacs (1981) to assess internal 
instability and through further empirical and analytical considerations, proposed an 
explicit method to assess the internal instability potential of granular filters. 
Despite different theoretical and empirical backgrounds, three well known criteria (Kezdi 
1979; Sherard 1979; and Kenney and Lau 1985, 1986) could be expressed with a single 
geometrical approach (Chapius 1992). According to Chapius’ (1979) criterion, the secant 
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slopes of the portions of original soil’s PSD curve between division point So and 
representative particle sizes of finer fraction at 85% percentile finer Sf and coarser 
fraction at 15% percentile finer by mass Sc are determined, as shown in Fig. 2.15 (Chapius 
1992; Li and Fannin 2008).  Interestingly, the secant slope of the PSD can be used to 
demonstrate the potential internal instability of a given cohesion-less soil. However, 
Chapius (1992) claimed a lack of available information on factors such as the severity of 
disturbing agencies due to seepage and vibrations, including their stabilising and 
destabilising effects, initial segregation, and the void ratio of the soils. It was advised that 
greater care must be taken in the selection and use of these methods and a conditional 
recommendation was made for the use of these methods only by experienced 
professionals. Table C2 in Appendix-C presents a brief summary of some of the past 
empirical studies, including specifications of the apparatuses used and their respective 
principal failure criteria.  
 
2.11.4 Analytical investigations 
Geometric probabilistic methods are valuable analytical tools in explaining the complex 
process of filtration and factors affecting this process. Since its first inception by Silveria 
(1965) who explained the problems of wash through the dam filters, the idea of 
constriction size distribution had been adopted by a number of researchers (Silveria 1965; 
Kenney et al. 1985; Locke et al. 2001; Raut 2006; Indraratna et al. 2007). Until the 
concept of constriction size distribution (CSD) was introduced, it was believed that 
filtration was governed solely by inter-granular interaction of base and filter soils, but in 
the 1980’s it received more attention from researchers when efforts were made to 
calculate the controlling constriction size (Kenney et al. 1985; Witt 1993). However, the 
basic problem remained because these researches mostly intended to approximate the 
CSD based on the PSD (by mass). In the 1990’s, some researchers criticised the use of 
PSD by mass and number due to an over representation of coarser and finer fractions 
respectively, and recommended the use of PSD by the surface area (see e.g. Humes 1996; 
Schuler 1996; Indraratna and Locke 1999). Locke et al. (2001) argued that the use of 
limiting CSDs, being impractical to apply, as suggested by Silveria (1965) and Silveria 
et al. (1975), and proposed a simple relationship to calculate the CSD on the basis of 
limiting CSDs, and Rd of the soil. 
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Based on the findings of Locke et al. (2001), Indraratna et al., (2007) presented a rigorous 
mathematical model for the filtration mechanism and incorporated the calculation of CSD 
by mass, number, and surface area in a comprehensive, user friendly computer program 
consisting of simple MATLAB subroutines. The basic algorithm proposed to develop the 
CSD program was given elsewhere by Raut (2006). More recently, Indraratna et al., 
(2011) and Dallo et al., (2013) extended the Dc35 model of Indraratna et al., (2007) in 
conjunction with the theory of Aberg (1992) to assess the potential of internal instability 
in granular soils. They did this by dividing the PSD into a coarser and finer fraction, 
calculated the relative density of the coarser fraction curve through the void ratio 
relationship proposed by Aberg (1992) for obtaining the controlling constriction size 
(Dcc35), and then used the representative diameter of the finer fraction (d 
f
85) to satisfy the 
constriction based retention criterion of Indraratna et al., (2007). The experimental results 
and the published data of some previous studies were used to validate these findings. 
2.11.5 Numerical investigations 
Moraci et al. (2012) simulated the filtration process to develop an analytical method on 
the basis of the critical diameter of suffusion (𝐷𝑐𝑓). This method involved selecting a set 
of spherical particles of soil at various relative densities (𝑅𝑑) and parallel layers of 
constrictions (calculated at a given 𝑅𝑑  and frequency by the number of particles) and soil 
particles overlying each other, normal to flow direction. The mutual arrangement of 
constrictions and soil particles had been made through the stochastic method of the Monte 
Carlo simulation. 
Moraci et al. (2012) carried out long term filtration tests to evaluate the internal stability 
of filters and the critical diameter of suffusion, and identified three factors upon which 
internal stability mainly depends (soil’s PSD, 𝑅𝑑, and 𝑖𝑐𝑟). Interestingly, the PSD of the 
filter had been divided into two parts as a step of the proposed methodology by a coarser 
fraction acting as a filter, and a finer fraction acting as a base soil. Then for each division 
considered, the CSD is obtained and the soil layer schematised after these cumulative 
PSDs and CSDs have been obtained. It was claimed that a more realistic layer thickness 
and neighbouring environment had been considered where a particle was surrounded by 
six constrictions in a dense arrangement and a particle is surrounded by four constrictions 
in a loose arrangement. 
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Various attempts have recently been made to study the micro-mechanical behaviour of 
internally unstable (gap-graded) soils using the Discrete Element Method (e.g. Shire et 
al. 2014; Zou et al. 2013, Reboul et al. 2010, Shamy and Zeghal 2004). Shire and Sullivan 
(2013) applied static loads of various magnitudes onto a number of soil samples 
consisting of spheres of various sizes to replicate internally unstable gradations. The 
rationale behind the stress transferring ability of soils was used to determine the potential 
of internal instability and various co-ordination numbers were determined. A couple of 
well-known geometrical criteria were evaluated using the simulation results, from which 
recommendations were made for selecting a more conservative criterion of the two. 
Langroudi et al. (2013) determined the mechanical coordination numbers and stress 
reduction factors of internally unstable soils, but they had some obvious limitations in 
that only static loads were applied on assemblies of simple spheres compacted at 
inconsistent relative densities, while the gradations simulated were only gap-graded soils 
consisting of spherical particles. Another obvious limitation was the scale of DEM 
samples, only several hundred thousand spheres, due to computational constraints, so 
they cannot be compared with practical problems. 
In essence, DEM is a numerical modelling technique developed in the late 1970’s to 
simulate problems related to rock mechanics (e.g. Cundall and Strack 1979), and since 
then it has been used extensively to solve numerous engineering related problems. Unlike 
traditional numerical methods (e.g. FEM, FDM, and FVM), DEM is a mesh free 
technique which considers the individual particles and captures their behaviour. For 
problems requiring the consideration of discrete units to evaluate their engineering 
response, including the simulation of rock sliding, railway ballast, sub-ballast, fluidised 
beds and filtration, DEM facilitates more than any traditional numerical methods to 
capture the continuum response. DEM has been widely used to study the behaviour of 
dry samples, e.g. ballast, liquefaction analysis, sink-hole repair, and conveyor belt 
simulations etc. (Lu and McDowell 2006; Hussain et al. 2007; Kawaguchi et al. 1998; 
Suzuki et al. 2007 etc.). 
Coupled with computational fluid dynamics (CFD), DEM has also been used to 
investigate the drainage characteristics of spherical particles. Extensive CFD-DEM 
applications may be found in the chemical and powder technology where their 
Chapter 2 Literature Review  59 
 
applications to seepage analysis are limited due to the lack of sound experimental and 
theoretical understanding of fluid-particle interactions (Itasca 2008; Tsuji et al. 1993; Zou 
et al. 2013). Another reason may be the exceptionally high computational costs for 
simulating practical filtration scenarios under static and cyclic loading. DEM uses a time 
stepping integration technique that keeps updating the position of particles and their 
contact forces (particle-particle, wall-particles, fluid-particles, and fluid-wall). A 
reasonable number of particles, true replication of actual conditions, (friction, gravity, 
and contact types), application of mechanical loads (static, monotonic and cyclic), fluid 
pressure (sometimes above Darcy’s regime), and many other micro-considerations limit 
the simulation time and technique in most CFD-DEM packages. For instance, PFC3D uses 
the computational algorithm SIMPLE to simultaneously solve the averaged Navier 
Stokes’ equations for fluid and the equations of motion and work-displacement for the 
particles. The basic Navier Stoke’s equations for the motion of fluid within a porous 
media consist of continuity (Eq. 2.18) and momentum (Eq. 2.19), and respectively read: 
 
𝜕𝑛
𝜕𝑡
+ ∇𝑛𝑈 = 0          (2.18) 
𝜕𝑛𝑈
𝜕𝑡
− ∇𝑛𝑈𝑈 − ∇. 𝜇∇𝑈 =
𝑛
𝜌𝑓
∇𝑝 − 𝑄 + 𝑓𝑝     (2.19) 
where n is the porosity, U is the fluid velocity, t is time, μ is fluid viscosity, 𝜌𝑓 is fluid 
density, p is fluid pressure, Q is an artificial viscosity of the mixture, and 𝑓𝑝 is the 
interaction force on the fluid per unit mass from the particle given by Eq. 2.20 (Anderson 
and Jackson, 1967; Ergun, 1952); 
𝑓𝑝 =
𝛽
𝜌𝑓
 ?̅?𝑃 − 𝑈         (2.20) 
In Eq. (2.20), ?̅?𝑃, U, and 𝛽 respectively represent the average particle velocity within a 
fluid cell, the fluid velocity, while the empirical coefficient β is an empirical coefficient. 
The values of β are obtained based upon the porosity of particle media, Reynold’s 
number, the Drag coefficient, and the mean particle diameter of porous media. The 
general equation of motion of particles is the algebraic sum of all the forces acting on a 
particle (𝐹𝑝) at a given time step (e.g. gravity, buoyancy, drag, and contact force etc.) and 
is given by: 
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𝐹𝑝 = 𝑓𝑔 + 𝑓𝑏 + 𝑓𝑑 + 𝑓𝑐        (2.21) 
where  (𝑓 𝑐 + 𝑓 𝑑) and 𝑓𝑔 define the combined fluid forces on the particles and the 
gravitational force, respectively. The resultant fluid force is applied to the particles’ 
centroids. During coupling cycles, the data exchanges involve solving the Equations of 
motion and force displacement laws for particles, and the Navier Stokes’ equations for 
the fluid. The particle positions and associated contact forces, the porosity of fluid 
elements, and the equations governing fluid velocity or pressure gradient are 
continuously updated for each element (Itasca 2008). The fluid forces move the solid 
particles deteriorating the specimen porosity in fluid cells, which in turn affects the fluid 
flow rates in the controlled grids. The basic limitations of CFD-DEM modelling also 
include the number of particles, their shapes, fluid properties and specimen geometry to 
replicate a representative filter specimen for valid comparisons with the experimental and 
practical observations. The solution time and consumed memory could be unbelievably 
large, and that often makes DEM a poor choice to model complex problems such as base-
filter interactions and internal erosion mechanisms in granular soils. Table 2.2 presents a 
summary of key references associated to the information presented in this chapter. 
2.12 Governing Factors and Gaps in the Existing Literature 
2.10.1 Potential of internal instability 
The likelihood and the occurrence of any form of internal instability in granular soils are 
termed as the potential and the inception (onset) of internal instability, respectively. A 
clear distinction between these two attributes could be made on the basis of a literature 
review presented in the previous sections. The potential for internal instability is 
governed by the following factors or characteristics: 
 The width and shape of particle size distribution (PSD) curve of the soil. Soils with 
broadly and gap-graded PSD curves possess a higher instability potential than 
uniformly graded soils (Cu ≤ 3). 
 The level of compaction of soil. The relative density (R d) or the level of compaction 
of soils certainly improves their filtering abilities, however, the effects of varying the 
level of compaction on internal instability potential needs detailed investigation. 
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Table 2.2 Summary of key references 
Theme References 
Factors influencing filtration 
and internal stability 
Terzaghi (1922, 1939); Trani and Indraratna 2010; 
Locke et al. 2001; Reddi and Bonala 1997; Chapius et 
al. 1996; Tanaka and Toyokuni 1991; Skempton and 
Brogan 1994, Moffat and Fannin 2011; Chang and 
Zhang 2013; Lane 1934, Bertram 1940; Sherard and 
Dunnigan 1989; Burenkova 1993; Skempton and 
Brogan 1994; Adel et al. 1988; Honjo et al. 1996; Wan 
and Fell (2004, 2008); Istomina 1957; Fannin et al. 1994; 
Chapius et al. 1996; Alobaidi and Hoare 1996; Fannin 
and Moffat 2006; Fell et al. 2003; Foster and Fell 2001; 
Haque et al. (2004, 2007, 2008); Lafleur 1984; Lafleur 
et al. 1989; Moffat et al. 2011; Sherard et al. (1984a, 
1984b); Tanaka and Toyokuni 1991; Vaughan and 
Soares 1982; Xiao and Shwiyhat 2012. 
Filter design under static 
conditions: 
-PSD based criteria 
-CSD based criteria 
Terzaghi (1922, 1939); Locke et al. 2001; Kenney et al. 
1985; Indraratna et al. 2007; Vaughan and Soares 1982; 
Lafleur 1984; Lafleur et al. 1989; Sherard and Dunnigan 
(985, 1989); Sherard et al (1984a, 1984b); Indraratna et 
al. 1996 
Filter design under cyclic 
conditions: 
-PSD based criteria 
-CSD based criteria 
Kamruzzaman et al. 2008; Kabir et al. (2004, 2006); 
Haque et al. (2004, 2007, 2008), Chung et al. 2012; Selig 
and Waters 1994; AREMA 2004; Trani and Indraratna 
2010. 
Experimental investigations 
into filtration and internal 
stability and associated 
criteria 
Terzaghi 1922; Kezdi 1979; Moffat 2005; Bernatzik 
1947; Kezdi and Konyary 1971; Mao 2005; Liu 2005; 
Kenney and Lau 1985; Milligan 1986 and Sherard and 
Dunnigan 1989; Sherard 1979; Burenkova 1993; 
Skempton and Brogan 1994; Adel et al. 1988; Honjo et 
al. 1996; Moffat (2002, 2005); Moffat and Fannin 2006; 
Wan and Fell (2004, 2008) ; Istomina 1957; Chang and 
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Zhang (2011, 2013); Lubochkov 1969; Fannin et al. 
1994; Chapius et al. 1996; Alobaidi and Hoare 1996; 
Fannin and Moffat 2006; Fell et al. 2003; Foster and Fell 
2001; Haque et al. (2004, 2007, 2008); Lafleur 1984; 
Lafleur et al. 1989; Moffat et al. 2011; Sherard et al. 
(1984a, 1984b); Tanaka and Toyokuni 1991; Vaughan 
and Soares 1982; Xiao and Shwiyhat 2012; Indraratna et 
al. 1996; Srivastav and Babu 2011. 
Theoretical investigations 
into filtration and internal 
stability and associated 
criteria 
Terzaghi (1922, 1939); Kovacs 1981; Kenney and Lau 
(1985, 1986); Indraratna et al. (1996; 2007; 2008; 2011; 
2012; 2013); Kenney and Lau 1985; Lubochkov 1969; 
Istomina 1957; Kezdi (1969, 1979); Bernatzik 1947; De 
Mello 1977; Aberg 1992; Richards and Reddy 2007; Li 
and Fannin (2008, 2011); Indraratna and Vafai 1997; 
Locke et al. 2001; Indraratna and Radampola 2002; 
Chapius 1992; Chapius et al. 1996; Fannin and Moffat 
2011; Milligan 1986; Reddi 2003; Selig and Water 1994; 
Sherard and Dunnigan (1985, 1989). 
Analytical investigations 
into filtration and internal 
stability and associated 
criteria 
Silveria 1965; Silveria et al. 1975; Kenney et al. 1985; 
Locke et al. 2001; Raut 2006; Indraratna et al. 2007, 
2011; Trani 2009; Trani and Indraratna 2010; Witt 1993; 
Humes 1996; Schular 1996; Indraratna and Locke 1999; 
Moraci et al. 2011; Nguyen et al. 2013; Dallo et al.2013; 
Aberg 1992; de Groot et al. 1993; Moffat and Herrera 
2014; Indraratna and Raut 2004; Stewart and Garner 
2000; Srivastav and Babu 2011; Reddi and Bonala 1997; 
To and Scheuermann 2015. 
Numerical investigations 
into filtration and internal 
stability and associated 
criteria 
Scheuermann et al. 2010; Moraci et al. 2012; Shire et al. 
2014; Zou et al. 2013, Reboul et al. 2009, Qing-fu et al. 
2014; Shire and Sullivan 2013; Langroudi et al. 2013; 
Reboul et al. 2010; Shamy and Zeghal 2004; Shire et al. 
2014. 
 
Chapter 2 Literature Review  63 
 
 The shapes of individual particles in the soil mixture or matrix. For example, an 
assembly of angular soil particles should have less potential for instability than with 
spherical particles. In the former, the larger surface area significantly increases the 
number of active contacts, thereby making an increasingly stable particle assembly. 
Angular particles exhibit higher internal friction, good packing of voids, uniform and 
efficient stress transfer and effective filtration compared to the rounded or spherical 
particles. This is where DEM and FEM based numerical investigations possess 
serious limitations because the actual shapes and number of particles, hydraulic and 
mechanical conditions, and long term flow conditions cannot be modelled due to 
memory and computational time constraints.  
 The finer fraction in the soil matrix. The larger the percentage of fines the smaller 
would be the inter-particle contacts between the coarser particles and the more would 
be the likelihood of dry-segregation, which indicates a higher potential internal 
instability. Similarly, a lesser percentage of fines in a soil assembly will not be able 
to create active contacts with its primary fabric and can be washed out by steady 
seepage forces to cause suffusion failure. Therefore, an optimised percentage of finer 
fractions exist that increases the internal stability of soils. 
 It is the CSD of soil that governs the instability potential and not just the PSD. The 
sizes of the constrictions formed by a stable fabric control the sizes of the eroding 
finer fraction from a soil matrix. A soil mixture that exhibits large fine contents but 
its resulting constrictions are too small to allow for erosion due to its higher R d-
value will be internally stable. However, a similar soil assembly at a lower R d  will 
possess large constrictions that allow for the erosion of fines, means the soil is 
internally unstable. 
 The disturbance applied to the granular media due to vibration, agitation, or cyclic 
loading. Any such disturbance to the granular media may result in significant 
variations in its constriction sizes and arrangements that can result in the erosion of 
fines (i.e. suffusion), thereby indicating the inception of internal instability. 
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2.10.2 Inception of internal instability 
The above factors indicate whether or not internal instability can occur in a granular soil 
under the extremely unfavourable hydro-mechanical circumstances which govern the 
inception of instability. The possible factors may include: 
 
 The magnitude of applied hydraulic pressure or hydraulic gradient. A larger 
magnitude of hydraulic pressure applied to a soil layer and the resulting hydraulic 
gradient due to loss of head will govern the inception of internal instability. In soils 
with high potential for internal instability, even an insignificant amount of applied 
hydraulic pressure can induce the hydraulic gradient necessary to trigger the erosion 
of fines. Given that instability initiates at a local level within the soil layer when 
erodible particles start to displace, the loss of head occurring at that point is critical 
compared to what occurs across the whole sample length. 
 The distribution and magnitude of effective confining stresses. Soil particles 
bearing lesser magnitudes of effective stress will be eroded earlier than those bearing 
higher stress. 
 The agitation of granular media and the development of pore water pressure. 
Under cyclic loading conditions, constant agitation can disturb the actual state of 
compaction (thus, the constriction network) and cause pore water pressure to 
develop. These two factors can also cause suffusion to develop.  
 The permeability of soils under static and cyclic loading. Soils with low 
permeability can be subjected to significant pore water pressure developments under 
both static and cyclic mechanical loading and that may result in excessive erosion of 
finer fraction at critical head loss. 
 
2.11 Chapter Summary and Current Research Focus 
In summary, the geometrical and physical factors (PSD, CSD, and R d) govern the 
potential for internal instability in granular soils, whereas the onset or inception of 
internal instability is controlled by the hydraulic and mechanical factors. Given that the 
filter selection (for railway and hydraulic structures) is currently made on the basis of 
geometrical and physical factors alone (e.g. Indraratna et al. 2007, Trani and Indraratna 
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2010); the occurrence of internal instability in filters cannot be out of the question under 
unfavourable circumstances. For instance, the internally stable gradations reportedly 
exhibited severe suffusion under cyclic loading at 5 Hz loading frequency in hydraulic 
tests conducted by Trani and Indraratna (2010), so to ensure a safe and stable filter 
selection for the given hydro-mechanical conditions, the necessary hydraulic and 
mechanical factors must be included in the filter selection criteria. 
Similarly, the existing criteria for assessing the potential internal instability of granular 
soils are only based on the particle size distribution (PSD) and therefore possess serious 
limitations. There is a need to develop a rational approach for assessing the true potential 
for internal instability of soils and it should also account for the necessary factors 
controlling this potential. 
To facilitate for practicing engineers, the approach should be simple to use for all 
filtration scenarios, including static and cyclic loading conditions. Given that suffusion 
is analogous to typical base particle filtration, the existing filtration models can be 
extended to capture the correct potential for internal instability in granular soils. The 
hydro-mechanical modelling of internal instability can also help understand the 
phenomena, and its visual interpretation will significantly increase the confidence of 
design engineers. These models can be more beneficial when there is a less control over 
conditions and the choice of material is limited. 
Notably, a filter design criterion that could incorporate the potential of internal instability 
for soils could be a more practical approach. In this regard a hydro-mechanical approach 
would be more suitable (practical and cost effective) compared to traditional geometric 
criteria. Therefore, the current research has focussed on the following objectives: 
 
 Development of a geometrical method for assessing the potential of internal 
instability of filters and its validation with experimental results and published data. 
 Laboratory modelling and detailed experimental investigation of the phenomena of 
internal instability in granular filters under both static and cyclic loading. 
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 Theoretical modelling of inception of internal instability in filters subjected to both 
static and cyclic loading 
 Extending the geometrical method to capture the potential internal instability of 
granular soils under cyclic loading conditions 
 Practical implications of current research and proposed criteria for filter selection 
with special applications in railway, water retaining structures, and other facilities. 
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CHAPTER THREE 
RESEARCH 
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3.1 Introduction 
For a number of years, laboratory modelling has proven to be the most effective way of 
simulating conditions that would be expensive to monitor in the field.  Recent advances 
in the equipment industry have helped with laboratory modelling by providing complete 
experimental tools and the possibility of digitally controlling the simulated test 
conditions. These current experiments carried out to capture response of granular media 
subjected to upward flow under static and cyclic loading conditions. This chapter 
describes the test materials, the selection criteria used for test gradations, the test 
program, conditions, apparatus, equipment, and methods used to simulate internal 
instability in this research. Based on observations from published literature, two types of 
permeameter cells were used during this experimental program; a low friction perspex 
cell (150 mm diameter by 250 mm long) for phase-1 testing, and a purpose built 
polycarbonate cell (240 mm diameter by 300mm long) with a Teflon coating for 
hydraulic tests in the remainder of the program. Following a detailed description of the 
methodology and data collection systems, various definitions are presented to facilitate a 
mathematical interpretation of the test results. 
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3.2 Testing Materials 
 
The test soils consisted of materials commonly used as dam cores, filters, and subballast in 
the construction industries, such as uniform sands and non-uniform mixtures of silt, sands, 
and gravels. The Australian railway industry currently uses typical road-base material with 
particles between 0.075 to 20 mm in size (Trani 2009). Similarly, most embankment dams 
possess cores, filters, and transition layers that consist of non-uniform natural soils with 
particles ranging from 0.001 to 80 mm (Moffat and Fannin 2011; Li 2008; Wan and Fell 
2008). The generalised particle size distributions (PSDs) of current test materials are 
comparable with these industry recommendations (Fig. 3.1). The average specific gravity 
(Gs) of the test material is equal to 2.67, which was obtained from an analysis of 25 
specimens with less than 0.01 standard deviations (ASTM C127-07). The fraction of silt in 
the gap-graded soil U was a low plasticity (LL = 48% and PI = 29%), highly dispersive and 
erodible silty-clay (ASTM D4647) to avoid the flocculation of fines and to simulate a worst 
case filtration scenario. A series of standard compaction tests (ASTM D698) and hydraulic 
conductivity tests for fully compacted samples (ASTM D5856) were carried out to obtain 
the compaction and hydraulic characteristics of test materials, respectively. The PSD of 
highly dispersive silty-clay was obtained from the Malvern particle analyser (Fig. 3.1b).  
 
3.2.1 Target gradations 
 
The test material consisted of more than 1200 kg of mechanically crushed angular and 
rounded road base material. The soil fractions were carefully sieved beforehand in different 
size ranges (0.075-0.10, 0.1-0.15, 0.15-0.20, ……, 19-20 mm), and then washed, oven dried, 
stock piled, and then dry mixed into the target particle size distributions (PSD). Figure 3.1 
shows the target soil gradations for the current study plotted with those obtained from 
published literature for a quick comparison. 
 
3.3 Testing Apparatus 
 
The current test apparatus were classified on the basis of the test conditions and relevant 
instrumentation, that is: (1) the basic hydraulic test setup, and (2) the modified hydraulic test 
setups.  
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Figure 3.1 PSD of soils; (a) typically used and investigated as subballast/ subbase (i.e. 
capping) layers, and (b) for current research study 
 
The basic setup was used for typical hydraulic tests to determine the geometrical factors (i.e. 
PSD, 𝑅𝑑, and CSD) controlling the hydraulic response of soils due to seepage flow. No 
additional surcharge pressures were applied and only the turbidity (in Nephelometric 
Turbidity Units, NTU) and average hydraulic gradients were monitored during the tests. 
Based on observations from phase-1 testing, the modified hydraulic test setup was designed 
to monitor local and average hydraulic gradients, the effective stress distributions and 
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variations in porosity due to seepage flow. Detailed instrumentation and functioning of both 
setups are as follows: 
 
3.3.1 Basic hydraulic testing setup 
 
The basic hydraulic setup contained the following major components: 
 
3.3.1.1 Perspex hydraulic cell 
 
A specially manufactured perspex filtration cell with an internal diameter of 150 mm and a 
height of 250 mm that could accommodate 200 mm long specimens was used as the test 
chamber for the basic hydraulic setup (Fig. 3.2a). The cell was large enough to accommodate 
the largest particle size (𝐷100) of tested soil. For instance, the ratio 𝑅 (𝐷𝐶𝐸𝐿𝐿 𝐷100⁄ ) for most 
samples was greater than 9, and that agreed closely with the ASTM Gradient Ratio standard 
test method requirements of R > 10 (ASTM D5101). Previously, most filtration testing was 
carried out using equipment with 𝑅 ranging from 4 to 7, which was enough to avoid the 
effects of boundary wall friction, i.e. preferential flow paths and excessive frictional 
resistance to the erosion of fines, and reported consistent results (Fannin and Moffat 2006; 
Moffat et al. 2011; Zou et al. 2013 etc). The soil was placed inside the cell and compacted 
in five discrete layers to obtain a target height of 200 mm.  
 
3.3.1.2 Hydraulic pump, pressure transducers, and turbidity measurements 
 
A fully automated, foot mounted CP 11 bare shaft hydraulic pump (Southern Pumping Inc.) 
was connected to the bottom of the hydraulic test chamber to allow inflow at predetermined 
pressures (accuracy: 0.05 kPa). This automated hydraulic pump, previously used by Trani 
and Indraratna (2010), facilitated the application of a prerequisite hydraulic difference in 
pressure across a test sample in an upward direction, triggered by a foot mounted 0.25 kW 
power motor with variable speed control. A built-in sensitive transducer (4-20 mA) 
connected to the PCMaster controller helped to control the hydraulic pump according to the 
intended pressures. The average hydraulic gradient, 𝑖𝑎 applied along the sample height ℎ𝑓 
was that deduced by the hydraulic pressure difference (pw), and is given by Eq. 3.1. 
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Figure 3.2 Illustrations for (a) basic, and (b) modified hydraulic setups for this study 
 
 
𝑖𝑎 = (𝑝𝑤
𝑖𝑛 − 𝑝𝑤
𝑜𝑢𝑡 ℎ𝑓 × 𝛾𝑤⁄ )       (3.1) 
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where 𝑝𝑤
𝑖𝑛 and 𝑝𝑤
𝑜𝑢𝑡 define the inflow and outflow hydraulic pressures, respectively. The 
fines eroding from the samples due to seepage flow could be captured inside a 2000 litre 
effluent collector for post-test PSD analysis. Pressure transducers were attached to the 
inflow and outflow pipes to measure the differential head causing flow through the 
specimen. Seepage flow could erode the finer fraction from an internally unstable soil that 
was monitored with the help of turbidity measurements, using a portable turbidimeter in lieu 
of temporal mass loss (HANNA instruments Inc. Model: HI 93703). The turbidimeter was 
regularly standardised following ISO 7027 compliant AMCO-EPA standards. The 
circulation of effluent to sampling chambers facilitated the collection of eroded fines for 
post-test forensic examination. 
 
3.3.2 Modified hydraulic test setup 
 
The modified hydraulic test setup was designed to simulate more complex hydro-mechanical 
conditions such as static and cyclic loading. Previous experience from Trani (2009) showed 
that the perspex cell could not withstand higher magnitude static and cyclic loading, so cell 
with a steel wall (e.g. Trani and Indraratna, 2010) or a cell made from high strength glass 
had to be used. The latter type was used because its visibility facilitated monitoring the 
spatial and temporal progression of the seepage induced response of the soils. This hydraulic 
test apparatus had major components; namely (1) the test chamber (low friction 
polycarbonate rigid wall cell), (2) force and position servo-controlled hydraulic actuator 
system for static and cyclic loading, (3) automated hydraulic pump and an inflow/ outflow 
collection tank, (4) a portable microprocessor turbidity meter, and (5) a data logger and 
interpretation systems. These components can be described as follows: 
 
3.3.2.1 Low friction and rigid wall polycarbonate cell 
 
A 240 mm inside diameter by 300 mm long cell was made from 13 mm thick polycarbonate 
glass and the internal walls were coated with Teflon (ITW Polymers & Fluids Inc.) was used 
as the test chamber for the 200 mm long specimens. This filtration cell was large enough to 
avoid any boundary effects on soil erosion, i.e. the frictional resistance to flow and 
preferential flow channels along the walls (Zou et al. 2013), as well as the effects of 
instrumentation on the filtration of the sample (Trani and Indraratna 2010; Moffat and 
Chapter 3 Research approach and methodology         73 
 
Fannin 2011), while the Teflon coating minimised the skin friction (wall-particle) on the 
internal walls. 
3.3.2.2  Load cell actuator 
A force and position servo-controlled hydraulic actuator (CMA Electro-hydraulic Engineers 
Inc.), capable of applying static loads up to 45 kN and cyclic loads at frequencies up to 50 
Hz was used to apply the stresses (Fig. 3.2b). The actuator was connected to an existing 20 
MPa hydraulic system and was monitored by the PCMaster control software. The target 
static and cyclic loads were then applied by the dynamic actuator through piston action 
within the test chamber. A low friction loading assembly with a specially designed 
frictionless seal and a fully lubricated shaft transferred the axial compressive loads to the 
top piston, which in turn applied the intended magnitudes of contact normal effective 
stresses to the test samples. Additional details on the loading system can be obtained from 
Trani (2009). For static tests, a maximum 100 kPa of vertical effective stress was applied 
using the force controlled servo-mechanism. During the cyclic tests a sinusoidal stress with 
a mean of 50 kPa (i.e. σmin = 30 kPa and σmax = 70 kPa) was applied using a wave-based 
force controlled loading system to simulate movements of heavy haul freight trains at 
various speeds (Trani and Indraratna 2010; Christie 2007). Table 3.1 summarises the cyclic 
loading magnitudes of this study and those applied in some of the other existing studies.  
 
3.3.2.3 Linear variable differential transformer 
 
A linear variable differential transformer (LVDT) is an automated electrical sensor used to 
measure the linear displacement of soil samples. It is widely used means of automatically 
monitoring changes in the sizes of machine tools and for other industrial applications. Here, 
it was built into the servo-valve of dynamic load cell actuator to yield a position feedback 
of the loading piston, in order to capture the axial compression of the granular media. The 
LVDT was calibrated beforehand against a standardised strain gauge to ensure acceptable 
accuracy during the experiments. 
3.3.2.4 Pore pressure transducers 
Hydraulic pressure was applied to the test specimens and monitored using built-in corrosion 
resistant ‘Mediamate Series with Hollingsworth’ connectors (Honeywell Inc.). 
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Table 3.1 Comparison of cyclic loading conditions for current study with literature  
Source 
f  (Hz) Load (kPa) 
Flow 
direction 
Remarks 
Max. Min. Max. Min. 
AREMA, 2003 -- -- 140 75 -- Specification 
Kabir et al., 2006 10 2 140 70 Downward Filtration 
Christie, 2007 -- -- 70 30 -- Field Testing 
Haque et al., 2007 15 2 140 75 Downward Filtration 
Haque et al., 2004 0.67 0.67 100 50 Downward Filtration 
Haque et al., 2008 13 1 140 70 Downward Filtration 
Kamruzzaman et 
al., 2008 
10 -- 140 70 Downward Filtration 
Trani, 2009 25 5 70 30 Upward Filtration 
Chung et al. 2012 10 5 140 70 Downward Filtration 
Current Study 30 5 70 30 Upward Int. stability 
 
A test specimen was discretised into seven distinct layers by probing 8 pore water pressure 
transducers, i.e. 6 inside the body of samples and 2 at the inflow and outflow boundaries, 
accurate to 0.05 kPa. The local hydraulic gradients within the test samples were deduced by 
using the differential hydraulic pressure applied (𝑝𝑤
𝑗
− 𝑝𝑤
𝑖 ) within each layer (∆y) and is 
defined by Eq. 3.2. The pressure transducer consisted of a thin diaphragm mounted in a 
cylindrical chamber with electric strain gauge circuits bonded inside. A porous shield (i.e. 
filter) protects the diaphragm but allows it to move as the hydraulic pressure yields a very 
small deflection indicated by an induced voltage reading, which is then converted to a digital 
display after the calibration factors are applied. Notably, the body transducers were 
purposely probed on opposite faces of the test chamber following an alternative pattern to 
avoid the development of any potentially weak flow channels. During the calibration 
program, the voltage readings of the pressure transducers against pre-determined 
magnitudes of hydraulic pressures were determined to obtain correlations between hydraulic 
pressure and output voltages. The input hydraulic pressures (kPa) applied through dead 
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weights induced output voltages (mV) from the transducer which were captured and 
recorded in the data logger. Based on the relationship between the applied pressures and the 
output voltages, the calibration factors were then obtained through regression analysis.  
 
𝑖𝑖𝑗 = (𝑝𝑤
𝑗
− 𝑝𝑤
𝑖 ∆𝑦 × 𝛾𝑤⁄ )       (3.2) 
 
3.3.2.5 Amplitude domain reflectometry (ADR) probes 
For fully saturated granular media, measuring the apparent dielectric constant 𝑎 (the 
apparent permittivity) is an effective way of estimating its porosity. The dielectric methods 
are widely accepted techniques for monitoring in-situ volumetric moisture contents (𝑤𝑣) of 
soils with low to medium plasticity.  An amplitude domain reflectometry (ADR) probe is 
one of the innovative tools which function based on 𝑎-𝑤𝑣 properties of unsaturated soils 
(Gaskin and Miller 1996, Inoue et al. 1998, Nakashima et al. 1998, Robinson et al. 1999). 
For a fully saturated granular soil medium (i.e. with 𝑆𝑟=1), the porosity n could be 
determined by using Eq. 3.3 (after Trani 2009): 
𝑤𝑣 =
𝑉𝑤
𝑉𝑡
=
𝑉𝑣
𝑉𝑡
×
𝑉𝑤
𝑉𝑣
= 𝑛 × 𝑆𝑟       (3.3) 
where  𝑉𝑤, 𝑉𝑣, and 𝑉𝑡 define the volumes of water, the voids, and the total soil sample, 
respectively. Here, seepage induced spatial and temporal porosity variations could be 
monitored with the help of 3 amplitude domain reflectometry (ADR) probes type ML2x 
(accuracy: 0.05 %) inside the sample (Fig. 3.3). Notably, soil specific calibrations of ADR 
probes were carried out repeatedly for separate testing phases (section 3.4) following Trani 
and Indraratna (2010) who outlined the uses, functioning, commissioning, and calibration 
procedures for ADR probes in greater detail.  
3.3.2.6 Load cells 
 
Two 50 mm diameter load cells (LC) at the middle and bottom (Bestech Inc. KDE-500) 
facilitated the measurements of vertical effective stress transfer from the total stress and its 
temporal variations due to upward seepage flow, and the spatial boundary frictional 
resistance offered by the side walls to the stress transfer, to an accuracy of 0.1 kPa. 
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Figure 3.3 Schematics of modified hydraulic setup with detailed instrumentation. 
 
These LCs measure the total confining pressures (𝜎𝑐𝑜,𝑡) inside the soil sample that could be 
used to back-calculate the normal effective stresses; the magnitudes of the soil’s drained 
friction angle (∅′) and cell pressures (𝑢𝑐) were given by using Eq 3.5. These load cells were 
regularly calibrated during the course of testing to ensure they functioned correctly by 
applying pre-determined confining pressures. 
 
𝜎𝑐𝑜
′ = 𝜎𝑣
′ × (1 + 2𝐾) 3⁄        (3.4) 
 
where 𝐾 = (1 − sin ∅′) and 𝜎𝑣
′ = (𝜎𝑐𝑜,𝑡 − 𝑢𝑐). Simplifying Eq. 3.4 yields: 
 
𝜎𝑐𝑜
′ = (𝜎𝑐𝑜,𝑡 − 𝑢𝑐) × (1 + 2(1 − sin∅
′)) 3⁄     (3.5) 
 
𝜎𝑣
′ = 3 × (𝜎𝑐𝑜,𝑡 − 𝑢𝑐) (1 + 2(1 − sin∅
′))⁄      (3.6) 
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Figure 3.4 (a) Hydraulic cell for modified apparatus, (b) Load cell, (c) ADR probe, (d) 
outflow pressure transducer, and (e) in-body differential pore water pressure transducer. 
 
 
3.4 Test Program 
The test program consisted of 67 hydraulic tests of selected granular soils in four distinct 
experimental phases. These phases were designed to study and evaluate the factors 
governing the potential (Phase-1), initiation and progression (Phase-2), and development of 
the critical onset of seepage induced instability in soils subject to static (Phase-3) and cyclic 
loading conditions (Phase-4). These were classified as geometrical, mechanical, hydraulic, 
and hydro-mechanical factors, which were later adopted for modelling the seepage induced 
response of soils under static and cyclic loading conditions. Descriptions for each testing 
phase are as follows (Fig. 3.5): 
3.4.1 Phase-1: The basic objective here was to experimentally evaluate the role of 
PSD and 𝑅𝑑 (hence, the CSD of soil) by controlling the internal instability potential, the 
magnitudes of critical hydraulic gradients for its initiation, progression, and development, 
and the types of seepage induced instabilities in soils. A total of 23 hydraulic tests were 
carried out on 9 granular soils having Cu = 1-304, and identified as C1 (uniform medium 
sand), C2 (uniform fine gravels), C5 and C10 (well-graded gravelly sand), C20, C23, and 
(a)
(b)
(d)
(c)
(e)
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C40 (well and broadly graded sandy gravel), and G and U (gap-graded gravelly sand and 
silt-sand-gravel mixture, respectively), as shown in Fig. 3.1. No additional surcharge 
pressure (except the self-weight of the sample) was applied during hydraulic testing. The 
specimens C1, C5, C10 and C40 were prepared by compacting at 𝑅𝑑 = 5, 50 and 95%, while 
C20 and C23 were compacted at 𝑅𝑑 = 5, 50, 70, and 95% and 5, 30, 60, and 95%, 
respectively. This approach enabled whether or not the instability potential would be 
affected by the change in 𝑅𝑑. The marginal internally unstable C20 corresponded to the 
stability boundary of Kenney and Lau (1985). The specimens C2, G and U were prepared at 
𝑅𝑑 ≥ 95% and their results were used to assess the repeatability of a test in the modified 
permeameter apparatus in later phases of this research. Detailed analyses of the test results 
and discussions are presented later in Chapter 4.  
 
3.4.2 Phase-2: Based on the observations of initiation, inception, and progression of 
internal instability during phase-1, an advanced hydraulic apparatus was developed (section 
3.3.2) and commissioned during phase-2 where 12 additional hydraulic tests were carried 
out on 3 soils (C1, C2, and G) to assess the performance and repeatability of this apparatus. 
All the test specimens were prepared at 𝑅𝑑 ≥ 95% and then a hydraulic testing procedure 
similar to phase-1 was applied. Chapter 5 presents further details and an analysis of the 
results and discussions for phase-2. 
 
3.4.3 Phase-3: This phase aimed to capture the factors governing the inception of 
internal instability in soils, including the average and local hydraulic gradients and 
associated effective stresses under static conditions. A total of 16 hydraulic tests were carried 
out on four compacted soils, i.e. 1 stable (C10), 2 marginal (C20 and C23) and 1 internally 
unstable (U) subjected to static loading. Following the compaction procedure outlined later 
in this chapter (section 3.5.2), the samples were compacted to 𝑅𝑑 ≥ 95% and then saturated 
(section 3.5.3). The applied vertical effective stress was varied to simulate variable loading 
conditions in downstream embankment dam filters (𝜎′𝑣𝑡 = 0, 25, 50, and 100 kPa). 
 
3.4.4 Phase-4: The objectives of phase-4 were two-fold: (i) to determine factors 
governing the inception of internal instability in soils under cyclic loading, and (ii) to 
compare the seepage induced response of specimens under static and cyclic conditions in 
order to quantify the severity of the latter filtration scenario. To achieve this objective, 16 
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hydraulic tests were carried out on all 4 saturated and compacted sand-gravel soils from 
phase-3 under cyclic loading. The loading frequency varied from 5 to 30 Hz with the 
sinusoidal stress (i.e. 𝜎′𝑚𝑖𝑛 = 30 kPa, 𝜎′𝑚𝑎𝑥 = 70 kPa and 𝜎𝑚𝑒𝑎𝑛
′ = 50 kPa) to simulate a 
heavy haul freight train moving at variable speed (after Trani 2009). During phases 3 and 4, 
hydraulic testing was carried out using the modified hydraulic setup designed and 
commissioned during phase 2. The analyses of the test results and discussions from both 
these phases are reported in Chapter 6. 
 
3.5 Test Procedure 
This research examined the relationship between hydraulic (average and local hydraulic 
gradients) and mechanical (effective stresses and pore pressures) factors governing the 
inception of internal instability in granular soils, and also investigated how those correlations 
might be affected by the physical (level of compaction and agitation due to cyclic load) and 
geometrical (particle distribution) characteristics of soils. Accordingly, the general test 
procedure comprised four main steps: (1) compaction, (2) saturation, (3) stress application, 
and (4) a multi-stage upward flow. After compaction and saturation, stress application was 
done to obtain the target initial normal stress (except phase-1), followed by an upward 
seepage flow to the test specimen to determine the critical hydraulic gradient at which 
instability occurs.  
 
3.5.1 Description of the test specimens 
 
The target soil gradations were obtained from dry mixing carefully weighted soil fractions 
of washed, oven-dried, and properly sieved soil fractions, stock piled beforehand into 
various particle size ranges. The target particle size distributions were chosen on three basic 
rationales, namely (a) those conforming to the current railway drainage and hydraulic 
industry practices, and (b) those with no potential for segregation during placement, and (c) 
those comparable to the soils adopted by the past filtration and internal stability studies for 
objective comparison and validation. Accordingly, 3 uniform sands, 2 uniform and 2 well 
graded, 2 gap-graded, and 1 broadly graded sand-gravel mixtures were selected for the entire 
test program. The effect of the level of compaction was studied by varying 𝑅𝑑 in phase-1, 
and which remained at 𝑅𝑑 ≥ 95% in the following phases. 
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Figure 3.5 Systematic breakup of current research into phases with associated details 
 
3.5.2 Compaction 
Soil samples were mixed beforehand and then compacted in five uniform layers within the 
hydraulic test chamber. The limiting void ratio of each sample was determined using 
standard test procedures (ASTM D-4253 and ASTM D-4254). The target relative densities 
were then attained by controlling the dry soil mass, volume, and moisture content. The 
method used by Skempton and Brogan (1994) to prepare samples was used to obtain loose 
specimens (Rd ≈5%); this required placing the soil in discrete layers and either compacting 
it by hand or allowing it to compact under its own weight. Samples at intermediate levels of 
compaction (Rd ≈30, 50, 60 and 70%) were placed in discrete layers and then compacted 
by a steel rod (20mm diameter by 300 mm long by 0.75 kg), while a very dense specimen 
(Rd ≈95%) had to be prepared by with a standard compaction hammer. For this current 
study, and by adopting the procedures outlined by Das (2008) and Scott et al. (2012), the 
imparted compaction energies (Ec) were estimated to be 564, 364, 313, 263, 157 and 
26 kJ/m3 for preparing specimens with  Rd ≈ 95, 70, 60, 50, 30 and 5%, respectively. The 
uniformity of the test specimens was assessed by preparing additional samples using a 
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similar technique and by measuring, (a) the overall dry unit weight (γd) of the sample, and 
(b) the γd of small specimens cored within each layer of a given sample. The dry density of 
each layer and the overall specimen was similar (deviation < 6%), which indicated uniform 
compaction and minimum layering effects. The size gradation of samples was assessed for 
uniformity by comparing the pre- and post-test sieve analysis and the results are reported. 
Notably the compaction procedure of Trani (2009) was found more suitable for the larger 
dimensions of modified permeameter that required compacting the specimen under 10 kg 
surcharge for 8 minutes on a vibrating table (50 Hz) to obtain a fully compacted sample 
(Rd ≥ 95%). 
 
3.5.3 Saturation 
Saturation was completed in three steps to avoid any potential disturbance before the test. 
The steps were, (1) de-airing the sample by applying 100 kPa suction (after Kamruzzaman 
et al. 2008), (b) filling the cell with filtered and de-aired water, and (c) allowing a minimum 
period of 24 hours for saturation under a 50 mm constant head. Complete saturation was 
assured when the porosity readings from all 3 ADR probes reached 80 A2s4/kgm4 (i.e. the 
apparent permittivity of water at room temperature) with zero excess pore pressure due to 
the application of target 𝜎′𝑣𝑡 (Robinson et al. 1999). 
3.5.4 Stress application 
The normal stress was applied through a servo-controlled actuator, and the target static and 
cyclic stresses were sustained via an automated system developed by Trani and Indraratna 
(2010). In this system, uniform normal stress was applied and maintained during the static 
tests, while a sinusoidal normal stress pattern (minimum 30 kPa and maximum 70 kPa) was 
applied during cyclic tests. Depending upon the applied frequency from 5 to 30 Hz, the 
number of loading cycles were varied from N = 250,000 to 1,500,000. 
3.5.5 Multi-stage upward flow 
During erosion testing, the upward hydraulic flow was applied at pre-requisite pressure 
levels. For instance, the increments of hydraulic gradient (𝑖𝑎) for stable soil C10 were kept 
between 3 and 4, for the marginal C23 and C20 between 2 and 3, and for unstable soil U 
between 1 and 2. These increments were sufficient to avoid any undesired disturbance of the 
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samples and also helped to determine the correct critical hydraulic gradients. Each test was 
run for almost 40 minutes at a given i-value, beyond which steady state flow was generally 
reached, and the next increment in i was applied. The turbidity and velocity of the effluent 
were monitored regularly by intercepting the flow over a given period of time. 
3.5.6 Description of test procedures 
3.5.6.1 Basic hydraulic tests 
The hydraulic test procedure involved subjecting the saturated specimen to multi-stage 
upward seepage flow. The increments of 𝑖𝑎 were 0.04 to 0.05 for the geometrically stable 
specimens and 0.02 to 0.025 for the unstable specimens. The above increments of  𝑖𝑎 were 
kept small enough to ensure that an accurate value of 𝑖𝑐𝑟,𝑒𝑥𝑝 could be determined at the onset 
of instability. The running the test at a certain value of 𝑖𝑎 lasted up to 30 minutes, after which 
there was a steady state flow; and then the next increment of 𝑖𝑎 was applied for the 
subsequent stage. The flow velocity was measured repeatedly during the test by collecting 
a specific volume of effluent in a graduated cylinder over a given period of time. The 
permeability of current gradations could be deduced from the slope of the flow curves 
plotted between 𝑖𝑎 and the seepage velocity, by assuming Darcy’s linear law. The onset of 
‘failure’ was recognised by a marked rise in the velocity of effluent flow (i.e. a sharp increase 
in the slope of the flow curves) and an increased effluent turbidity greater than 60 NTU. At 
the onset of instability, the associated 𝑖𝑒𝑥𝑝 was considered to be the critical hydraulic 
gradient 𝑖𝑐𝑟,𝑒𝑥𝑝. These 𝑖𝑐𝑟,𝑒𝑥𝑝-values also corroborated with the visual instability signs of 
samples, e.g. heave, piping or suffusion, etc. The tested samples were retrieved from 
different layers of soil for post-test PSD analysis, and the resulting data was then plotted and 
compared to the initial soil gradations. Variations in the Cu-value and shape of the PSD of 
the central layer of soil could be regarded as rationale to differentiate between internally 
stable and unstable specimens (Kenney and Lau 1985). 
3.5.6.2 Advanced hydraulic tests 
The procedure in the modified setup involved consolidation to achieve the target 𝜎𝑣𝑡
′  on a 
fully compacted and saturated specimen. It was completed in only 30 to 60 minutes, as 
indicated by the zero excess pore water pressures taken from all transducers. During the 
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cyclic tests, a sinusoidal load was applied after consolidation under 𝜎𝑚𝑖𝑛
′  (= 30 kPa) while 
the rest of the procedure remained the same as the basic hydraulic tests. 
3.6 Calculations, Observations, and Analyses 
The spatial and temporal porosities, vertical effective stresses, and the variations of local 
and average hydraulic gradient were monitored to identify the initiation, onset, and type of 
internal instability more accurately. 
3.6.1 Pre-test calculations. The pre-test calculations involved determining the mass and 
moisture content of soil needed to achieve the target relative density, the compaction energy 
imparted, the spatial uniformity of test samples with regards to compaction and particle size 
distribution, and the application of existing geometrical criteria to assess the potential for 
internal instability (Chapters 4 to 7).  
 
3.6.2 Mid-test observations. The mid-test observations included monitoring the 
initiation, progression, and development of internal instability via variations in the temporal 
histories of effluent turbidity, the flow rate, hydraulic conductivity, porosity, average and 
local hydraulic pressures, and effective stresses, etc. Moreover, visual observations (i.e. 
pictures and movies) were also recorded for reference purposes. 
 
3.6.3 Post-test analysis. This involved placing the tested samples into five (in phase-1), 
and three (in remaining phases) distinct layers of equivalent thicknesses for forensic analyses 
of fines eroded from each layer, while the total settlement and eroded fines were also 
quantified for assessing the role of erodible fraction in sustainable changes in volume and 
the internal stability of specimens. 
 
3.7 Digital Data Acquisition, Processing, and Smoothing 
The bursts of data coming from all 15 channels (8 pore pressure transducers, 3 ADR probes, 
2 load plates, 1 LVDT and 1 load actuator) at various output voltages (3-15 V) were 
transmitted into a multi-function data logger that could log and store the test data for a given 
period of time. Two data loggers, a PCMaster to control the input variables (after Trani and 
Indraratna, 2010), and dataTaker from Lontek Inc. (model: DT85) were used to control the 
output data. The data were then uploaded to a personal computer via the PCMaster and 
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dataTaker programs, which also facilitated viewing the response of the samples during 
testing in real time. Depending on the test conditions, different data readings and recording 
rates were scheduled within the dataTaker logger, for example, under static loading, three 
recording rates of 20 (initially), 10 (midway during test), and 5 seconds (near the critical 
onset) were deemed sufficient, whereas a minimum permissible interval of 1 second was 
used for every test under cyclic loading. The low pass butterworth filter design technique 
was implemented in Matlab to remove any unwanted digital noise embedded into the raw 
test data (after Guo et al. 2004). 
3.8 Basic Definitions 
 
3.8.1 Internal instability. This is a phenomenon whereby finer fractions from non-uniform 
soil escapes with the infiltrates under significant seepage forces. A soil sample is deemed to 
be internally unstable when this erosion of fines results in significant changes in the soil 
gradation of its central layer, i.e. the PSD of the middle part of the sample (Kenney and Lau 
1985). For example, where there were marked variations in the coefficient of uniformity 
𝐶𝑢 and/or more than 4% loss of finer fractions from the central layer. 
 
3.8.2 Onset of internal instability was characterised by a marked rise in the effluent flow 
rate, e.g. a sharp increase in the slope of the flow curves (i.e. effluent flow rate versus 
average hydraulic gradient), and when the effluent turbidity exceeded 60 NTU. Moreover, 
the visual occurrence of suffusion, piping, or heave, and variations in local porosities, 
hydraulic gradients, and effective stresses could also be used to identify the critical onset. 
 
3.8.3 Average hydraulic gradient ( 𝒊 𝒂) deduced from a difference in the controlled 
hydraulic pressure applied across a test sample and is given previously by Eq. 3.1 (after 
Kassif et al. 1965). 
 
3.8.4 Local hydraulic gradient (𝒊 𝒊𝒋) is the hydraulic gradient stemming from a loss of 
head due to deteriorations in local porosity that is deduced from the differential hydraulic 
pressure applied across each layer of soil (Eq. 3.2). 
 
3.8.5 Hydraulic conductivity (k) is given by the flow rate per unit hydraulic gradient per 
unit area of soil in a pure laminar Darcian flow regime (Reynolds number, 𝑅𝑛 < 1). 
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3.8.6 Porosity (n) is the ratio of the volume of voids to the total volume of soil (Eq. 3.3). 
In this research study, seepage induced spatial and temporal variations in local porosities 
were monitored by three amplitude domain reflectometry (ADR) probes (see Figure 3.4). 
 
3.8.7 Axial Strain (∈𝐚 ) was measured from axial deformation ∆ℎ𝑎 due to the erosion of 
fines and/or compression of the soil sample (ℎ𝑓𝑜) due to static and cyclic loading, as given 
by (where, ℎ𝑓𝑜 is the original height of soil sample): 
 
∈𝑎 (%) = 100 × ∆ℎ𝑎 (ℎ𝑓𝑜 − ∆ℎ𝑎)⁄       (3.7) 
 
3.8.8 Mass of eroded fines (𝒇𝒐) was defined as the dry mass of the fine fraction washed 
from the test specimen and deposited in the effluent collector, and is expressed as a 
percentage of the original dry mass of samples. The erosion of this material is partially 
represented by the loss of finer fractions that would alter the post-test coefficient of 
uniformity (𝐶𝑢  =  𝐷60/𝐷10) compared to the initial particle size distribution. It was 
important to identify whether or not a test specimen could be considered internally stable. 
 
3.9 Chapter Summary 
 
Detailed descriptions related to laboratory modelling, including the experimental program 
and relevant phases, testing materials and procedures, and the instrumentation and 
definitions adopted in this research have been presented. The experiments were schematised 
based on a classification of critical factors governing the internal instability in soils. Various 
cohesionless soil mixtures were used as test materials that conformed to current industrial 
practices. The test procedures for all the phases were described with critical information on 
instrumentation and related definitions. This chapter covers all the potential areas of 
experimental modelling needed for this current research, although brief overviews of test 
procedures would be recalled where necessary in the following chapters, with an emphasis 
on results and conclusions. 
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CHAPTER FOUR 
POTENTIAL OF INTERNAL 
INSTABILITY OF GRANULAR 
FILTERS 
 
 
 
 
4.1 Introduction 
Filters are designed to protect the cores of dams and subgrades by arresting the eroding 
fine particles without clogging. Since a unique soil is selected as a filter material, it is 
important that its own particle size distribution (PSD) should not alter during the entire 
filtering process. These soils are internally stable and only require conformation to an 
appropriate criterion to be selected as an effective filter (e.g. Indraratna et al. 2007; Raut 
and Indraratna 2008 etc.). However, the fine particles of an internally unstable filter 
would undergo suffusion which could change its PSD and render unable to retain the 
protected soils. This chapter aims to evaluate and improve the existing geometrical 
criteria for assessing internal stability through the specific data added by the author. The 
results are reported from a series of hydraulic tests on sands and sand-gravel mixtures 
with variations in the coefficient of uniformity (𝐶𝑢 = 1 − 304) and the relative density 
(𝑅𝑑 = 5 − 95%). An analysis of the results enables the two distinct geometrical methods 
of Kenney and Lau (1985) and Indraratna et al. (2007) to be combined to accurately 
demarcate a boundary between internally stable and unstable filters. Additional data 
adopted from literature is also used to verify the proposed approach which shows 
remarkable success compared to many existing criteria. 
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Figure 4.1 Assessing the internal stability of select soils by using existing criteria; (a) 
Kenney and Lau (1985) and (b) Kezdi (1979) and Sherard (1979). 
 
In this chapter a specimen is identified by Ca-Rb, where a, and b represent the values 
of 𝐶𝑢  and target 𝑅𝑑, respectively. Figure 4.1 presents geometrical assessments of the 
potential of internal instability of selected specimens using some of the existing criteria. 
The criterion of Kenney and Lau (1985) assesses C1, C2, C5, C10, C20 and C23 as 
internally stable and G, U and C40 as internally unstable (Fig. 4.2a). Kezdi (1979)’s 
method assesses C1, C2, C5, C10, and C20 as internally stable, and C-23, C-40, G5 as 
unstable. Sherard’s (1979) criterion characterises C1-C40 as stable except for C23, and 
G and U as internally unstable (Fig. 4.1b). In the following sections these specimens are 
re-assessed experimentally. 
 
4.2 Results and Discussion 
Table 4.1 presents some of the physical properties of test samples, including 𝐶𝑢 , 𝑅𝑑, 
saturated unit weight (𝛾𝑠) and Terzaghi’s theoretical critical hydraulic gradient (𝑖𝑐𝑟,𝑡ℎ). 
The results of current laboratory tests are also summarised in Table 4.1; e.g. the observed 
average critical hydraulic gradient (𝑖𝑐𝑟,𝑎), the eroded fines content (𝑓𝑜 and 𝑓𝑐), and post-
test settlement (𝑠) etc. In essence the observed critical hydraulic gradients of all the 
samples tested were proportional to the degree of compaction, irrespective of their 
potential for internal instability (i.e. stable or unstable). 
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Table 4.1 Select soil properties and test results for current samples 
Sample 
ID 
Central 
layer 𝐶𝑢 𝛾𝑠 
(kN/m3) 
𝑅𝑑 
(%) 
𝑖𝑐𝑟,𝑡ℎ 
𝑖𝑐𝑟,𝑎 
Eroded fines, (%) 
𝑠 
(%) 
Before After 
Terzaghi 
(1939) 
𝑓𝑜 𝑓𝑐 
C1-R5 1.2 1.2 19.00 6.6 0.97 1.07 0 0 0 
C1-R50 1.2 1.2 19.92 52.3 1.07 1.18 0 0 0 
C1-R95 1.2 1.2 20.89 94.3 1.18 1.29 0 0 0 
C2-R95 1.5 1.5 20.91 95.3 1.21 1.33 0 0 0 
C5-R5 5 5 18.91 7 0.94 1.0 0.19 0 0.50 
C5-R50 5 5 19.75 52 1.03 1.05 0.08 0 0.25 
C5-R95 5 5 20.80 92.5 1.13 1.10 0.03 0 0.00 
C10-R5 10 10 18.81 5.5 0.93 0.9 0.23 0 1.25 
C-10-R50 10 10 19.82 47.2 1.01 1.0 0.14 0 0.74 
C10-R95 10 10 20.33 92.8 1.12 1.05 0.08 0 0.25 
C20-R5 20 23.7 21.00 6.1 0.92 0.45 7.64 11.2 1.97 
C20-R50 20 22.2 18.86 51.4 1.02 0.56 5.78 10.03 1.76 
C20-R70 20 20 19.77 72 1.07 0.90 3.54 2.39 1.49 
C20-R95 20 20 20.97 95.6 1.14 0.98 1.71 1.18 1.00 
C23-R5 23 18.2 18.94 7.4 0.93 0.62 6.42 5.32 1.61 
C23-R30 23 23 19.43 32.1 0.98 0.79 3.35 1.17 1.09 
C23-R60 23 23 20.12 63.2 1.05 0.94 1.91 0 0.72 
C23-R95 23 23 20.88 93.5 1.13 1.03 0.96 0 0.45 
C40-R5 40 10 19.30 6.3 0.92 0.28 14.40 15.27 1.99 
C40-R50 40 11.2 20.26 48 1.02 0.31 13.19 14.38 1.75 
C40-R95 40 12.5 21.35 92.5 1.14 0.37 11.47 14.07 1.73 
G5-R95 -- -- 20.86 95.2 1.10 0.58 12.10 12.91 1.12 
G10-R95 -- -- 20.84 95 1.12 0.28 15.00 15.88 2.10 
Note: Here, (C#-R@), 𝑓𝑜, 𝑓𝑐, and s represent sample identity, percentile eroded fines 
from overall gradation, percentile eroded fines from central layer (from Eq. 4.22), and 
post-test settlement of samples respectively. 
 
4.2.1 Hydraulic Test Results 
Figure 4.2 presents the results of hydraulic tests where the flow curves for the stable 
specimens (C5, C10, C20-R70, C-20R95, C-23R30, C23-R60, and C23-R95) agree with 
linear Darcy’s law to the extent whereby 𝑖𝑎 ≤ 0.40 is plotted linearly against the effluent 
flow velocity. The increase in 𝑖𝑎 from 0.40 to 0.60 results in steeper flow curves, 
indicating local rearrangement of fines, which is consistent with Skempton and Brogan’s 
(1994) observations. 
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Figure 4.2 Flow curves describing relationships between average hydraulic gradients 
and effluent flow velocities with respective turbidity histories for soils; (a) C1, (b) C5, 
(c) C10, (d) C20, (e) C23, and (f) C40 (Note: turbidity is plotted with intermittent lines). 
 
A further increase in 𝑖𝑎 (0.65-0.80) in almost every stable specimen induces higher flow 
velocities and particle rearrangements, particularly in C10-R5, C20-R70, C20-R95, C23-
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R30, C23-R60, and C23-R95. The hydraulic gradients exceeding 0.80 generate local 
tributaries that joined together to develop heave in stable specimens, when 𝑖𝑎 approaches 
unity. However, the fines in the internally unstable soils C40, C20-R5, C20-R50, and 
C23-R5 suffer from suffusion at 𝑖𝑎 (0.28 to 0.62) which are much smaller than the 
theoretical critical hydraulic gradients (𝑖𝑐𝑟,𝑡ℎ), shown in Table 4.1. 
In the post-test operation, the specimens were retrieved in five distinct layers of 
equivalent thicknesses and the PSDs of the middle layer-3 were then obtained (e.g. 
Kenney and Lau 1985). Internally stable soils showed almost no variation in their PSD 
curves, e.g. C1, C5 and C10 exhibited heave with a negligible erosion at 𝑖𝑐𝑟,𝑎 close to 
one (Figs. 4.2a-4.2c). These specimens were evaluated as internally stable by Kezdi 
(1979), Sherard (1979) and Kenney and Lau’s (1985) criteria. Specimen C23-R30 (Rd > 
30%) and the more densely compacted C20-R70 (Rd > 70%) samples also proved to be 
stable because their pre and post-test PSD curves were unaltered and they showed heave 
development when 𝑖𝑐𝑟,𝑎 approached 𝑖𝑐𝑟,𝑡ℎ of Terzaghi (1939). For instance, 𝑖𝑎 ≈ 0.85 
initiated heave in C20-R70, but no erosion occurred until 𝑖𝑎 exceeded 0.90. At that stage, 
visible horizontal channels appeared at the bottom of the specimen with limited erosion 
that formed a composite failure (i.e. heave and piping) when 𝑖𝑐𝑟,𝑎  approached unity. Not 
surprisingly, the erosion of its fines was mostly contained as the relative density of C20 
increased. This also showed that borderline soils such as C20 can be only partially stable 
at higher levels of compaction (𝑅𝑑 ≥ 70%), which agrees with a similar soil A from 
Kenney and Lau (1985, 1986). Similarly, the increasing 𝑅𝑑 (from 5 to 95%) substantially 
reduced the amount of eroded fines from C23 (another marginally stable soil with 
(𝐻/𝐹)𝑚𝑖𝑛 = 1.06). The above results confirmed the role that 𝑅𝑑 has on the internal 
stability of current specimens, apart from the influence of PSD alone. 
As Figures 4.2d to 4.2f show, internally unstable specimens (C20-R5, C20-R50, C23-R5, 
and C40) initially respond in a similar way as the stable specimens when subject to 𝑖𝑎 <
0.1. Initially, the flow velocity (v) increases linearly with 𝑖𝑎 but Darcy’s law ceases to 
define the correlation between 𝑖𝑎 and v at 𝑖𝑎 ≥ 0.1. At the onset of suffusion in an 
unstable soil, the slope of the flow curve increases more steeply than a stable soil and the 
post-test sieve analyses reveal significant variations in the PSD curves of the middle 
layer. Eroded fines contained sand particles (size ≤ 1.20 mm), and the onset of suffusion 
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could be characterised by substantial erosion in almost every test performed on unstable 
soils. The values of 𝑖𝑐𝑟,𝑎 (0.28-0.62) governing suffusion are much smaller than 𝑖𝑐𝑟,𝑡ℎ (≈ 
1.0), which also supports the correct evaluation of internally unstable soils (C20-R5, C20-
R50, C23-R5, and C40) which experienced excessive erosion at failure. An increasing 𝑅𝑑 
somehow reduces the internal erosion, although C40 proves unstable at all levels of 
compaction. 
The effluent turbidity could be monitored with time in Nephelometric Turbidity Units 
(NTU) as an effective measure of soil erosion in lieu of measuring the loss of mass (e.g. 
Indraratna et al. 1996, Indraratna and Radampola 2002). At the onset of 
suffusion, 𝑖𝑐𝑟,𝑎 triggered the erosion of fines that caused the effluent turbidity to exceed 
60 NTU. However, erosion levelled off about 20 to 30 minutes after it began for all 
specimens except C40. The effluent became clearer once again with turbidity < 25 NTU 
and remained relatively constant thereafter. Subsequent erosion occurred from loosely 
compacted unstable specimens (i.e. C20-R5 and C23-R5) as the hydraulic pressure 
increased (see Fig. 4.2). There were no visible signs of sedimentation or caking on top of 
the test samples, hence it could be assumed that the eroded particles were small enough 
to be transported by the outflow velocity. 
4.2.2 Effect of Relative Density 
Figure 4.3a shows the variations of  𝑖𝑐𝑟,𝑎 with the relative density (𝑅𝑑) for select soils. In 
this thesis solid symbols are generally used to plot internally stable specimens, while 
hollow symbols are used for their unstable counterparts. The magnitudes of 𝑖𝑐𝑟,𝑎  
generally increase with the increase in 𝑅𝑑 of all the specimens. For instance in close 
agreement with Terzaghi’s (1939) observations, the uniform sandy specimen C1 show 
heave development at 𝑖𝑐𝑟,𝑎 ≥ 𝑖𝑐𝑟,𝑡ℎ. The magnitudes of 𝑖𝑐𝑟,𝑎 increase markedly as 𝑅𝑑 
increases, but still remain higher than 𝑖𝑐𝑟,𝑡ℎ, e.g. 𝑖𝑐𝑟,𝑎 at 𝑅𝑑 ≈ 5% is 1.07 with the 
corresponding 𝑖𝑐𝑟,𝑡ℎ of 0.97, while at 𝑅𝑑 ≈ 95%, the values of 𝑖𝑐𝑟,𝑎 and 𝑖𝑐𝑟,𝑡ℎ are 1.29 
and 1.18, respectively. These variations can be due to the increased inter-particle contacts 
and boundary friction at higher levels of compaction. Not surprisingly, well graded sand-
gravel mixtures C5 and C10 show close agreements with Terzaghi’s (1939) theory, and 
the increasing 𝑅𝑑 somehow increases the magnitudes of the corresponding 𝑖𝑐𝑟,𝑎, e.g. 1.0 
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at 𝑅𝑑 ≈ 5% and 1.10 at 𝑅𝑑 ≈ 95% for C5. Specimens C20 and C23 also show remarkable 
improvements in the magnitude of their respective 𝑖𝑐𝑟,𝑎 with increasing levels of 
compaction which start to approach 𝑖𝑐𝑟,𝑡ℎ at 𝑅𝑑 ≈ 95%. Similarly, the broadly graded 
specimen C40 shows some improvements in 𝑖𝑐𝑟,𝑎 (from 0.28 to 0.40) with an increase in 
𝑅𝑑 (from 5 to 95%), but they do not even reach 50% of 𝑖𝑐𝑟,𝑡ℎ corresponding to 𝑅𝑑 ≈ 5%. 
Figure 4.3b shows the relationships between 𝑅𝑑  and the normalised hydraulic gradient 
∆𝑖𝑐𝑟 (= 𝑖𝑐𝑟,𝑎/𝑖𝑐𝑟,𝑡ℎ), which is also a measure of the reduction in stress in the finer fraction 
of a bi-modal soil (e.g. Skempton and Brogan 1994; Shire et al. 2015). For internally 
stable soils (C1, C5 and C10), the ∆𝑖𝑐𝑟 values are close to unity, but it remains insensitive 
to any increase in 𝑅𝑑. Similarly the unstable C40 specimens shows suffusion at 𝑖𝑐𝑟,𝑎 (0.28 
to 0.40) ≪ 𝑖𝑐𝑟,𝑡ℎ (≈ 1), and exhibits insignificant variations in ∆𝑖𝑐𝑟 with an increase in 𝑅𝑑. 
In essence, the increase in 𝑅𝑑 could not reduce the controlling constriction size (𝐷𝑐35
𝑐 ) 
enough to retain the representative particle size of the erodible fraction, thus no local self-
filtering could initiate. The relationship between 𝑅𝑑 and ∆𝑖𝑐𝑟 for C20 ((𝐻/𝐹)𝑚𝑖𝑛=1.0) 
shows a marked distinction in behaviour from rest. For instance at 𝑅𝑑 ≤ 5%, 𝑖𝑐𝑟,𝑎 is 0.45, 
which agrees with a similar loosely compacted specimen ((𝐻/𝐹)𝑚𝑖𝑛= 0.98) of Skempton 
and Brogan (1994) that exhibited suffusion at 𝑖𝑐𝑟,𝑎 = 0.34. 
An increase in 𝑅𝑑 reduces the 𝐷𝑐35
𝑐  of C20, while its 𝑖𝑐𝑟,𝑎 keeps increasing until it 
eventually transforms itself from being internally unstable to stable at Rd ≥70%. For 
instance, the unstable specimen C20-R50 failed at ∆𝑖𝑐𝑟 ≈ 0.5, which then experienced an 
almost two-fold increase in ∆𝑖𝑐𝑟 (≈ 0.9) to be transformed from unstable to stable, when 
the magnitude of 𝑅𝑑 was doubled (C20-R95). The comparative sieve analysis of pre and 
post-test specimens also confirmed that the central layers of C20 compacted at 𝑅𝑑 ≥70% 
were unaltered, showing that the borderline specimen C20 was only partially stable at Rd 
≥70%. Similar results were shown by the marginally stable specimen C23, whereby the 
increasing 𝑅𝑑 from 5% to 30% improved the magnitude of ∆𝑖𝑐𝑟 from 0.63 to 0.81. A 
further increase in 𝑅𝑑 from 30 to 95% continued to improve ∆𝑖𝑐𝑟 (0.81-0.93), which also 
shows that 𝑅𝑑  is indeed a key factor in controlling internal stability. The above analysis 
indicates that the borderline (marginally stable and unstable) specimens are only partially 
stable at higher levels of compaction, i.e. preferably 𝑅𝑑 ≥ 70%.  
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Figure 4.3 Effect of level of compaction on; (a) average critical hydraulic gradients, 
𝑖𝑐𝑟,𝑎 and (b) normalized hydraulic gradients with respective seepage induced responses 
(solid symbols = stable; hollow symbols = unstable) 
The internally stable specimens generally abide by the classic theory of Terzaghi (1939), 
so their corresponding values of ∆𝑖𝑐𝑟 remain close to unity. Small discrepancies are 
expected because this theory was originally proposed for uniform sands, whilst most 
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current specimens are non-uniform sand-gravel soils. Images taken at the onset of heave 
and suffusion failures for some of the specimens are shown in Fig. 4.4, whereby the stable 
C5, C10, C20-R70, C20-R95, C23-R30, C23-R60, and C23-R95 specimens show heave 
development at 𝑖𝑐𝑟,𝑎 ≈ 𝑖𝑐𝑟,𝑡ℎ, while the unstable C20-R5, C20-R50, C23-R5, and C40 
specimens suffer from suffusion even at very small 𝑖𝑐𝑟,𝑎 (i.e. between 0.28 and 0.62). 
 
 
 
Figure 4.4 (a) Initiation of heave in C5 at Rd= 93% (C5-R95), (b) Onset of heave in 
C10 at Rd= 93% (C10-R95), (c) Initiation of piping in C20 at Rd= 72% (C20-R70), and 
(d) Onset of suffusion in C40 at Rd= 93% (C40-R95) 
(a) (b)
(c) (d)
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Figure 4.5 Correlation between eroded fines and post-test settlement of test samples 
(solid symbols = stable; hollow symbols = unstable) 
 
4.2.3 Internal Erosion and Post-test Settlements 
The correlations between the percentage of eroded fines and post-test settlement of the 
tested specimens were also examined. Fines eroded with the effluent were recovered, 
dried, and weighed to obtain the percentage of internal erosion (𝑓𝑜 and 𝑓𝑐) for each test 
specimen. A comparison between pre and post-test mass of the specimen plus the mass 
of captured fines could confirm a successful capture of eroded mass. Figure 4.5 presents 
the relationship between percentile erosion and post-test reduction in specimen height s 
(= ∆ℎ/ℎ), where ℎ is the original height. This reduction in height (∆ℎ) is deduced from 
an average of multiple readings taken along the height of a specimen after allowing post-
test subsidence to occur. The specimens were then examined for post-test sieve analyses. 
The loose C10-R5 specimen indicated slightly higher net settlement (i.e. 2-2.5mm) 
compared to the remaining stable specimens. However in all the tests, the post-test 
settlement never exceeded 2% with the increasing Rd, irrespective of whether a specimen 
was internally stable or unstable, even if the internal erosion was as high as 16%.  
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Figure 4.6 Observed effects of relative density on percentile eroded fines (solid symbols 
= stable; hollow symbols = unstable) 
 
Three zones are identified in Fig. 4.5, where the stable and unstable specimens plot in 
zone-I (heave failure) and zone-III (suffusion failure), respectively, with only C20-R70 
and C23-R30 plotting in the transition zone-II (heave-piping failure). Soil C20 is 
transformed from being internally unstable to stable by enabling more than a 4% 
reduction in internal erosion due to increased relative density (𝑅𝑑 = 70%), whilst the 
post-test settlement is decreased from 2% to 1.5%. This analysis shows that while the 
eroding particles are free to displace with the effluent, this amount of washout bears no 
relationship with post-test settlement and it does not influence the primary fabric of the 
soil that governs sustainable load transfer and changes in volume. Not surprisingly, at Rd 
= 95%, the specimen C20-R95 develops heave and plots in the internally stable zone-I. 
This indicates that internal erosion can be minimised by reducing the constriction sizes, 
i.e. keeping the level of compaction higher. For a loosely compacted soil, the CSD curve 
is broader and the size of the controlling constriction (𝐷𝑐35
𝑐 ) can be too large to retain the 
eroding fines. However, higher 𝑅𝑑-values yield narrower CSD curves and the 𝐷𝑐35
𝑐  may 
then retain the erodible particles to initiate local self-filtering. 
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Figure 4.7 Illustration of effect of 𝑅 𝑑 on CSD of coarser fraction for soil C20 (Note: 
vertical axis for CSD is percentage finer by surface area) 
 
 
Figure 4.6 shows variations in the percentage of erosion with 𝑅𝑑 of selected test results. 
An increasing 𝑅𝑑 generally reduces the amount of eroded fines for all stable specimens 
(i.e. C5, C10, C20-R70, C20-R95, C23-R30, C23-R60, and C23-R95), shown by solid 
symbols. In contrast the unstable specimens given by hollow symbols in Fig. 4.6 show 
excessive internal erosion (e.g. C20-R5, C20-R50, and C40), which in most specimens 
decrease with the increase in 𝑅𝑑. For instance, with the increase in 𝑅𝑑 (from 5 to 95%), 
the internal erosion in specimens C20 and C23 decrease from 7.6 to 1.7% and 6.4 to 0.9% 
respectively. The above analysis further reinforces the proposition that an increase in 𝑅𝑑 
promotes self-filtering and more sustainable load transfer within the soil fabric. Similar 
conclusions were also drawn by Trani and Indraratna (2010), who then proposed an 
optimum CSD based criterion for sub-ballast filter design under cyclic conditions.  
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Figure 4.8 Largest eroded particles versus (H/F)min for internally unstable soils 
 
Figure 4.7 shows the effects of increasing 𝑅𝑑 on the CSD of coarser fraction for soil C20 
and its capacity to retain the finer fraction. The controlling constriction size (𝐷𝑐35
𝑐 ) 
continues to decrease with the increase in 𝑅𝑑  and becomes smaller than the representative 
size from PSD by surface area of the finer fraction (𝐷85,𝑆𝐴
𝑓
), thereby by retaining it to 
bring stability at 𝑅𝑑 > 70%. 
Figure 4.8 shows an interesting analysis, whereby the largest eroding particles are plotted 
against the (H/F)min ratio for internally unstable specimens and a good agreement between 
the two is obtained. This implies that (H/F)min ratio may be an acceptable measure of the 
largest particle eroded from an internally unstable soil. Hence, it can be considered as a 
delimiting particle size which separates the stable primary (fixed coarse) and the unstable 
secondary (erodible finer) fraction. 
 
4.3 Estimating Eroded Fines from Particle Size Distribution Analysis 
Figure 4.9 depicts a method proposed for estimating the percentile of fines that erode 
from a given PSD curve that requires the discretisation of both curves, i.e. the original 
and final (i.e. one subjected to erosion) at an arbitrary division point corresponding to 
(𝐻/𝐹)𝑚𝑖𝑛 on the original PSD curve. The percentage of erosion from specimen (𝑓𝑐) is 
then given by Eq. 4.1: 
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Figure 4.9 Illustration of proposed method for estimating the eroded fines from PSD 
 
𝑓𝑐 =
1
∆𝑑
∑ (𝑓𝑎𝑣𝑔,𝑖. 𝑑𝑖 − 𝑓
′
𝑎𝑣𝑔,𝑖
. 𝑑′𝑖)
𝑖=𝑛
𝑖=1      (4.1) 
∆𝑑 = ∑ 𝑑𝑖
𝑖=𝑛
𝑖=1          (4.2) 
𝑓𝑎𝑣𝑔,𝑖 =
𝑓1𝑖+𝑓2𝑖
2
 and 𝑓′𝑎𝑣𝑔,𝑖 =
𝑓′1𝑖+𝑓′2𝑖
2
     (4.3) 
where 𝑓𝑎𝑣𝑔,𝑖 and 𝑓′𝑎𝑣𝑔,𝑖 are the mean percentages passing by mass from a discrete section 
of original and final PSD curves. 𝑑𝑖 and 𝑑′𝑖(mm) are the width of the sections, ∆𝑑 (mm) 
is the total width of the eroded portion of original curve (i.e. up to the point corresponding 
to the 𝐻/𝐹)𝑚𝑖𝑛), 𝑓1𝑖, 𝑓2𝑖, 𝑓′1𝑖, and 𝑓′2𝑖 are the limiting percentages finer for the section 
under consideration, respectively (Fig. 4.9). According to Kenney and Lau (1985), an 
internally stable soil will have a post-test PSD curve of its central portion that should be 
similar to its original PSD curve. This current study also showed that specimens failing 
at 𝑖𝑐𝑟,𝑒𝑥𝑝 → 𝑖𝑐𝑟,𝑡ℎ (≈ 1.0), showing significantly less than 4% internal erosion from the 
central portion and an unaltered coefficient of uniformity, may also be internally stable. 
With the current test results, the percentage of erosion from the central portion estimated 
using the above method (Eq. 4.1), and a comparison of the pre- and post-test 𝐶𝑢-values 
are summarised in Table. 4.1. 
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4.4 Proposed (CP-CSD) Method to Assess Internal Instability 
In order to assess potential internal instability a granular filter can be idealised as a base-
filter system, depending on its PSD and 𝑅𝑑. Nevertheless the choice of a demarcation 
point on the PSD curve warrants caution, hence the following approach is proposed: 
(i) Demarcate the PSD curve at a point 𝑃𝑑 corresponding to the (H/F)min for F ≤ 
30% following the approach of Kenny and Lau (1985, 1986). 
(ii) The coarse fraction (to the right of 𝑃𝑑) can now be considered as the filter 
material, whilst the fine fraction (to the left of 𝑃𝑑) is assumed to be the base soil.  
(iii) To assess internal instability potential, use the surface area techniques to plot the 
PSD of the above base component and the CSD of the filter component for the 𝑅𝑑, 
as depicted in Fig. 4.10. 
(iv) Now use the optimum constriction size based retention criterion of Indraratna et 
al., (2007) to determine whether the filter component above can effectively retain 
the finer base component, as shown by the two corresponding dashed lines in Fig. 
4.10: 
 
 
Dc35
c d85,SA
f⁄ ≤ 1         (4.4) 
 
To plot the CSD of the coarser half, it is recommended that 𝑅𝑑 of the original gradation 
be used because the fines are physically present within the granular assembly during the 
entire filtration process. For this combined approach (hereafter termed as CP-CSD 
method), Fig. 4.11 presents the plot between the controlling constriction sizes of the 
coarser fraction (𝐷𝑐35
𝑐 ) and the representative particle sizes of the finer fraction by surface 
area (𝑑85,𝑆𝐴
𝑓
). A distinct boundary between internally stable and unstable samples is 
evident. A comparison of predictions from various geometrical criteria and the proposed 
CP-CSD method is presented in Table 4.2. The geometrical methods available could only 
partially delineate the stable samples from the unstable ones to be consistent with the 
experimental observations. 
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Figure 4.10 Illustration of proposed CP-CSD method for assessing internal instability 
potential for granular filters (SA = surface area technique). 
 
For instance, the methods of Kezdi (1979), Sherard (1979), and Kenney and Lau (1985) 
give five (2 unsafe and 3 conservative), eight (5 unsafe and 3 conservative), and three 
unsafe predictions, respectively. The methods of Wan and Fell (2008) and Burenkova 
(1993) both yield 7 (unsafe) incorrect predictions. However, the CP-CSD method 
successfully distinguishes between the stable and unstable samples. 
4.4.1 Validation of the Proposed CP-CSD Method 
A data set of 95 specimens from the literature plus the current experimental results were 
used to validate the proposed criterion. Table 4.3 presents the test numbers, specimen 
identities (ID), 𝐶𝑢 and 𝑅𝑑  values, and the (𝐻/𝐹)𝑚𝑖𝑛 ratios. Moreover, the division 
points 𝑃𝑑, the corresponding (𝐷𝑐35
𝑐 /𝑑85,𝑆𝐴
𝑓
) values, the CP-CSD evaluations and the 
experimental results of all the samples are tabulated. The data set includes 14 test results 
by Kenney and Lau (1985), 4 from Skempton and Brogan (1994), 13 each from Honjo et 
al. (1996) and Sherard et al. (1984a), 6 from Nguyen et al. (2013), 6 from Indraratna et 
al. (2012), 5 from Indraratna et al. (2007), 3 from Indraratna et al. (1996), 2 from 
Indraratna and Vafai (1997), 2 from Locke et al. (2001), 4 from Lafleur et al. (1989) plus 
23 additional laboratory data sets from this Chapter 4 of the current study. 
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Figure 4.11 Assessing potential internal instability of current test samples using 
proposed CP-CSD method (Solid symbols = stable and hollow symbols = unstable). 
 
These test results were specifically selected because either the 𝑅𝑑 of each specimen was 
known, or it could be assumed reasonably well based on the preparation method. For 
example, Kenney and Lau (1985) prepared their test samples at a high compaction level, 
hence 𝑅𝑑 ≈ 90% could be assumed, whereas the sample preparation of Skempton and 
Brogan (1994) resembled the loosest state (i.e. 𝑅𝑑 ≈ 5%). The overall data for validation 
included 13 gap-graded and 82 specimens with variation of 𝐶𝑢 ranging from 1.2 to 304. 
For all 95 samples, Fig. 4.12a presents the assessments based on the method of Kenney 
and Lau (1985). The test series numbers indicated in Table 4.3 are used to mark the 
inconsistent predictions plotted on Fig. 4.12, such that the numbers inside circles and 
rectangles represent the conservative (safe) and unsafe predictions, respectively. There 
are 8 inconsistent predictions, including 6 unsafe and 2 conservative assessments. As 
Table 4.3 shows, the unsafe predictions include one each from Kenney and Lau (1985) 
(Test series No. 1), Skempton and Brogan (1994) (Test series No.32), Honjo et al. (1996) 
(Test series No. 56), and 3 gradations from the current study (Test series Nos. 82, 83, and 
86). The conservatively assessed samples include one each from Kenney and Lau (1985) 
(Test series No. 2) and Honjo et al. (1996) (Test series No. 49). For Kenney and Lau’s 
(1985) criterion, the overall success rate is close to 90%, which is still acceptable for all 
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practical purposes (see Appendix-A for a proposed improvement). However, the success 
rate improves further when the proposed CP-CSD method is used to delineate the 
potential of instability. The results of internal stability assessments from the CP-CSD 
method for the same set of 95 data points are presented in Fig. 4.12b. Apart from 1 
incorrect prediction (Test series No. 1), all the other 94 samples are correctly assessed 
using the proposed CP-CSD method (i.e. ≈99% success). 
 
Table 4.2 Assessing the potential internal instability for current test samples by various 
criteria and experimental results (S = Stable, U = unstable) 
Sample 
ID 
Geometrical Assessments 
Observed Kezdi 
(1979) 
Sherard 
(1979) 
Kenney and 
Lau (1985) 
Burenkova 
(1993) 
Wan and 
Fell 
(2008) 
Proposed 
CP-CSD 
Method 
C1-R5 S S S S S S S 
C1-R50 S S S S S S S 
C1-R95 S S S S S S S 
C2-R95 S S S S S S S 
C5-R5 S S S S S S S 
C5-R50 S S S S S S S 
C5-R95 S S S S S S S 
C10-R5 S S S S S S S 
C10-R50 S S S S S S S 
C10-R95 S S S S S S S 
C20-R5 S* S* S* S* S* U U 
C20-R50 S* S* S* S* S* U U 
C20-R70 S S S S S S S 
C20-R95 S S S S S S S 
C23-R5 U U S* S* S* U U 
C23-R30 U** U** S S S S S 
C23-R60 U** U** S S S S S 
C23-R95 U** U** S S S S S 
C40-R5 U S* U S* S* U U 
C40-R50 U S* U S* S* U U 
C40-R95 U S* U S* S* U U 
G-R95 U S* U S* S* U U 
U-R95 U U U U U U U 
Note: *shows non-conservative/ unsafe & **conservative/ safe predictions. 
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Figure 4.12 Assessing select data from Table 4.3 by (a) Kenney and Lau (1985) and (b) 
proposed CP-CSD methods. Inconsistent results are indicated by respective test IDs 
(unsafe in circle and conservative in rectangular box, respectively). 
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Table 4.3 Validation of proposed CP-CSD method by published data (S = stable)  
ID Reference 
𝑹𝒅 
(%) 
𝑪𝒖 
(𝑯 𝑭⁄ )𝒎𝒊𝒏
 
𝑷𝒅 
(%) 
𝑫𝒄𝟑𝟓
𝒄
𝒅𝟖𝟓,𝑺𝑨
𝒇
 
Internal stability result 
For 𝑭 
≤ 𝟑𝟎% 
KL 
method 
CP-CSD 
method 
Exp. 
result 
A Kenney 
and Lau,  
1985 
(K&L) 
90 30 1 20 0.90 S S U 
As 90 24 0.9 25 0.98 U S S 
D 90 30 0.5 20 1.28 U U U 
Ds 90 3.67 3 5 0.95 S S S 
1 90 20 1.2 20 0.68 S S S 
2 80 6 1.4 15 0.97 S S S 
3 90 17.5 1.3 30 0.54 S S S 
20 90 8 1.27 30 0.91 S S S 
21 90 6.2 1.2 30 0.44 S S S 
23 90 20 6 5 0.95 S S S 
K 90 4 3.4 10 0.56 S S S 
X 90 31.8 0.7 10 3.67 U U U 
Y 90 50 0.9 20 2.35 U U U 
Ys 90 40 0.9 15 1.86 U U U 
F-1 Indraratna and 
Vafai, 1997 
90 2.87 1.67 30 0.30 S S S 
F-2 90 2.87 2.33 30 0.25 S S S 
Fine Indraratna et 
al., 1996 
50 1.28 -- 30 0.30 S S S 
Medium 50 1.45 -- 30 0.27 S S S 
Coarse 50 1.47 -- 30 0.25 S S S 
F-1 (I) Indraratna et al. 
2007 
70 3 2.33 30 0.32 S S S 
F-2 (I) 70 3 1.76 30 0.30 S S S 
F-4 (I) 70 1.2 -- 30 0.22 S S S 
F-5 (I) 70 1.2 -- 30 0.23 S S S 
F-6 (I) 70 1.2 -- 30 0.23 S S S 
LF2 Lafleur et al. 
1989 
70 11.6 1.11 30 0.51 S S S 
LF3 70 5.9 1.33 30 0.41 S S S 
LF4 70 4 2 30 0.34 S S S 
LF5 70 3 9 10 0.33 S S S 
L1 Locke et al. 
2001 
70 4 2.9 20 0.69 S S S 
L2 70 3.7 2.72 25 0.46 S S S 
A (S) Skempton and 
Brogan, 1994 
5 24 0.1 15 2.95 U U U 
B (S) 5 10 1 10 1.86 S U U 
C (S) 5 7 1.5 10 0.98 S S S 
D (S) 5 4.5 1.67 6 0.84 S S S 
NG1 Nguyen et al. 
2013 
70 4 -- 30 0.27 S S S 
NG2 70 3.33 -- 30 0.30 S S S 
NG3 70 2.67 2.07 30 0.30 S S S 
NG4 70 2 1.87 30 0.32 S S S 
NG5 70 1.67 1.77 30 0.34 S S S 
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NG6 70 1.33 1.67 30 0.33 S S S 
IF1 Indraratna et al. 
2012 
70 2.1 -- 30 0.31 S S S 
IF2 70 1.9 -- 30 0.32 S S S 
IF3 70 1.8 -- 30 0.32 S S S 
IF4 70 5.1 1.35 30 0.39 S S S 
IF5 70 4.5 1.75 30 0.46 S S S 
IF6 70 3.5 2.2 30 0.30 S S S 
G1-a Honjo et al. 
1996 
65 GG 1 5 0.89 S S S 
G1-b 65 GG 1 10 0.45 S S S 
G1-c 65 GG 0.75 30 0.97 U S S 
G1-d 65 GG 0.7 30 0.44 S S S 
G2-a 65 GG 2.7 20 0.75 S S S 
G2-b 65 GG 1.6 30 0.74 S S S 
G2-c 65 GG 1.3 30 0.37 S S S 
G3-a 65 GG 0 20 1.41 U U U 
G3-b 65 GG 0 30 1.41 U U U 
G3-c 65 GG 0.3 30 1.02 S U U 
G4-a 65 GG 0 20 1.99 U U U 
G4-b 65 GG 0 30 1.96 U U U 
G4-c 65 GG 0.3 30 1.02 U U U 
SF1 Sherard et al. 
(1984a) 
70 6.3 1.83 30 0.75 S S S 
SF2 70 2.9 7.5 10 0.39 S S S 
SF3 70 2.2 18 5 0.33 S S S 
SF4 70 1.9 -- 30 0.28 S S S 
SF5 70 1.8 -- 30 0.25 S S S 
SF7 70 1.1 -- 30 0.19 S S S 
SF8 70 2.7 4 20 0.37 S S S 
SF9 70 2.8 3.7 20 0.36 S S S 
SF10 70 2.2 -- 30 0.27 S S S 
SF11 70 1.5 -- 30 0.28 S S S 
SF12 70 1.6 -- 30 0.25 S S S 
SF13 70 1.1 -- 30 0.20 S S S 
SF14 70 1.2 -- 30 0.25 S S S 
C-1-R5 Current study 6.6 1.2 -- 30 0.48 S S S 
C1-R50 52.3 1.2 -- 30 0.39 S S S 
C1-R95 94.3 1.2 -- 30 0.29 S S S 
C2-R95 95.3  -- 30 0.30 S S S 
C5-R5 6.9 5 1.4 30 0.93 S S S 
C5-R50 51.9 5 1.4 30 0.76 S S S 
C5-R95 92.5 5 1.4 30 0.59 S S S 
C10-R5 5.6 10 1.07 30 0.84 S S S 
C10-R50 47.2 10 1.07 30 0.68 S S S 
C10-R95 92.8 10 1.07 30 0.53 S S S 
C20-R5 6.1 20 0.73 30 1.28 S U U 
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C20-R50 51.4 20 0.73 30 1.05 S U U 
C20-R70 71.1 20 0.73 30 0.93 S S S 
C20-R95 95.6 20 0.73 30 0.78 S S S 
C23-R5 7.4 23 1.06 15 1.11 S U U 
C23-R30 32.1 23 1.06 15 0.96 S S S 
C23-R60 63.2 23 1.06 15 0.83 S S S 
C23-R95 93.5 23 1.06 15 0.69 S S S 
C40-R5 6.3 40 0.7 30 1.64 U U U 
C40-R50 48 40 0.7 30 1.32 U U U 
C40-R95 92.5 40 0.7 30 1.02 U U U 
G-R95 95.2 15 0 30 0.41 U U U 
U-R95 95 304 0.14 21 0.18 U U U 
Note: Here, “--“ indicates infinite (H/F)min values, representing highly stable specimens 
for which 𝑃𝑑 at 30% is assumed. KL = Kenney and Lau (1985). 
 
 
In Table 4.3, sample A (Test series No.1: Fuller curve) was geometrically assessed as a 
stable filter by all methods, but it was deemed unstable when tested in the laboratory 
under extreme hydraulic conditions (i.e. hydrodynamic number, 𝑅′ = 29 corresponding 
to 𝑖𝑒𝑥𝑝 > 1) accompanying significant vibrations (Kenney and Lau 1985). A probable 
explanation for this discrepancy is that the Fuller curve is only partially stable at a higher 
compaction level (𝑅𝑑 ≥ 70%) and stability largely depends on the test conditions, 
whereby the constrictions (hence CP-CSD method) can be adversely affected by 
excessive vibrations (Xiao et al. 2006). 
 
Nonetheless, the above analysis showed that the proposed technique could rigorously 
assess the potential for internal instability for both current and published test data. It 
demarcates the potential of instability on the basis of CSD and PSD in tandem, while 
other existing criteria cannot directly capture the role of CSD. The current method 
enhances the rigor of assessing the potential of internal instability, thereby contributing 
towards an increased level of confidence for practitioners. 
4.6 Chapter Summary 
The results reported in this chapter are from a series of hydraulic tests performed to assess 
the potential internal instability of granular soils at different levels of compaction. An 
analysis of the results led to the development of a new criterion that combined the effects 
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of PSD and the associated 𝑅𝑑, thus capturing the role of the CSD of soils to accurately 
assess their true potential for internal instability. The findings from this chapter are 
summarised as follows: 
Apart from the PSD of a given soil, its level of compaction also influences the amount of 
fines eroded under an applied hydraulic gradient, e.g. depending upon the 𝑅𝑑, borderline 
soils (marginally unstable) can transform into stable ones and vice versa. Thus, to 
accurately assess the internal stability of soils, both PSD and 𝑅𝑑 must be considered 
together, thus elucidating the prominent role of the CSD and not just the shape of PSD, as 
is considered in conventional geometrical criteria. 
 
The proposed criterion coupled two distinct CSD and PSD based approaches to capture 
the effects of 𝑅𝑑. It requires demarcating the PSD of the soil at a unique division point that 
corresponded to the (𝐻/𝐹)𝑚𝑖𝑛 ratio of Kenney and Lau (1985) when searched up to 30% 
finer by mass on the PSD curve. This division point on the PSD curve establishes an 
idealised base-filter system within the soil that is then subjected to the CSD criterion of 
Indraratna et al., (2007) to evaluate the effectiveness of the coarse fraction above the 
division point (i.e. filter component) in retaining the separated finer fraction (i.e. base soil). 
 
Unlike other existing criteria, the consistency of this current approach in relation to the 
reported experimental data is phenomenal. For example, of the 95 data points considered 
here, the criterion of Kenney and Lau (1985) made 8 incorrect assessments compared to 
only one inaccurate prediction by the proposed technique (i.e. success ≈ 99%). This 
single discrepancy may be due to excessive vibrations imparted during tests, which will 
be further investigated under cyclic loading conditions in Chapters 5 and 6. 
 
Given that the proposed approach incorporates the effects of both PSD and 𝑅𝑑, and hence 
the role of CSD, it is more reliable in practice compared to the existing PSD based criteria. 
Nonetheless, considering the nature of test specimens and the testing conditions (i.e. 
static, no vibrations, and under self-weight only), caution must still be exercised when 
the proposed criterion is applied to soils with significantly different properties. This 
criterion will be tested later on for a larger published dataset, plus current experimental 
dataset under cyclic conditions in the following chapters. 
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CHAPTER FIVE 
C OMMISSIONING A 
MODIFIED HYDRAULIC 
TEST APPARATUS 
 
 
 
 
 
 
 
 
5.1 Introduction 
It was observed in Chapter 4 that the potential for instability was controlled by 
geometrical and physical factors such as PSD, CSD, and 𝑅 𝑑, and that instability 
invariably occurred spatially along the length of soil specimens at different hydraulic 
gradients and changed the original particle size distributions and permeability of some 
soils. These observations could be integrated to develop a modified test apparatus to 
obtain a scientific explanation of the inception of internal instability in soils subjected to 
static and cyclic loading. This chapter describes the test apparatus and presents the results 
of hydraulic tests conducted under static and cyclic conditions. Given that the aim here 
was to commission this test facility, a limited number of tests are performed on 
cohesionless soils to assess repeatability and the individual performance of apparatus and 
instruments. These simulated cases include downstream filters in embankment dams 
(static conditions) under an assumed normal stress level, and a subballast filter 
experiencing the movements of a typical heavy haul freight train in Australia (cyclic 
conditions) running up to140 km/hr, i.e. 20 Hz (Trani, 2009). 
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Figure 5.1 Particle size distributions of select tested soil gradations (Note: Legend 
shows tested soils, LC is load cell, and cyclic loading frequency is mentioned in Hz) 
 
5.2 Features of Modified Hydraulic Apparatus: An Overview 
The body transducers were purposely placed on opposite faces of the test chamber in an 
alternating pattern to avoid the development of any potentially weak flow channels. Test 
repeatability was ensured through a number of tests, as is reported later in this chapter. 
Two 50 mm diameter load cells (i.e. at the middle and bottom of the specimen) facilitated 
monitoring the effective stress transfer and its temporal variations due to upward seepage 
flow and frictional resistance offered by the side walls to stress transfer, to an accuracy of 
0.1 kPa. The seepage induced spatial and temporal porosity variations could be monitored 
with 3 amplitude domain reflectometry (ADR) probes type ML2x (accuracy: 0.05 %) 
inside the sample. The filtration cell was large enough to avoid any boundary effects on 
soil erosion, i.e. frictional resistance to flow and preferential flow channels along the walls 
(Zou et al. 2013) as well as the effects of instrumentation (excluding load cells) on the 
filtration of the sample (Trani and Indraratna. 2010; Moffat and Fannin, 2011), while 
boundary/ skin friction (wall-particle) was minimised by a teflon coating on the inner cell 
walls. Nevertheless, the effect of placing load cells to monitor stress transfer is evaluated 
in this chapter by comparing the results of tests performed with and without load cells, 
which will be reported in a later section. It is revealed that load cells had no effect on the 
current test results. 
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5.3 Experimental Program for Commissioning 
5.3.1 Specimen Preparation and Testing Procedure 
A similar test procedure to Chapter 4 is adopted, which involves applying an upwards 
flow to the uniform, fully saturated, and densely compacted (𝑅𝑑 ≥ 95%) specimen 
subjected to a target normal static or cyclic stress level. Spatio-temporal variations in 
average (𝑖𝑎) and local (𝑖𝑖𝑗) hydraulic gradients defined by Eqs. 3.1 and 3.2  on pages 70-
72 in Chapter 3, respectively (using pore pressure measurements). The normal effective 
stress distribution (using load cells), porosity variations (using ADR probes), and the 
effluent turbidity in NTU (in lieu of mass loss) are monitored to capture the onset of 
seepage induced failures. The pre and post-test sieve analysis of the middle layer (of three 
equivalent top, middle and bottom layers) are also obtained to assess the internal stability 
of tested samples, as described in previous Chapter 4. 
 
Tests are performed on three specimens, including uniform medium sand (C1), uniform 
sandy-gravel (C2) and gap-graded sand-gravel mixture (G), as shown in Fig. 5.1. The 
soils were moist mixed beforehand to obtain homogenous mixtures of target gradations 
at an optimum moisture content (i.e. filtered and de-aired water), as obtained from 
standard compaction tests (ASTM D698). The target compaction levels (𝑅𝑑 ≥ 95%) 
were then achieved by compacting the given bulk mass of soil to a prerequisite sample 
depth to achieve the target minimum void ratio 𝑒𝑚𝑖𝑛 (ASTM D4254). A modified cell 
with a larger diameter did not allow effective compaction with a standard compaction 
hammer, so Trani and Indraratna’s (2010) method was used to obtain maximum 
compaction, and that required five-layered compaction under a 10 kg surcharge at 8-10 
min per layer over the vibrating table (at 50 Hz). The procedures for saturation and target 
stress application are already discussed in Chapter 3 (page 80). 
 
5.4 Effective Stress Reduction Model 
The magnitude of normal effective stress (𝜎′𝑣) applied at the top of the specimen varied 
along its length by virtue of; (1) the boundary or skin friction offered by the cell walls, 
and (2) the seepage flow (Tanaka and Toyokuni 1991). The stress magnitude will vary 
with the soil-wall contact friction characteristics, and the direction of seepage and soil 
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movement (Fig. 5.2a). For example, a higher magnitude of the coefficient of contact 
friction 𝜇𝑓 between the soil and cell walls will result in greater loss of 𝜎′𝑣 magnitude due 
to higher skin friction in a direction opposite to the direction of soil movement. Moreover, 
downward seepage will tend to increase while upward seepage will decrease the 
magnitude of effective stress (Moffat and Fannin, 2011). However, once the upward 
seepage and skin friction neutralises the effective stress (Fig. 5.2b), the sample will start 
to move upwards under the influence of buoyancy due to heave. The limit equilibrium of 
all the forces within the soil layer subjected to normal stress 𝜎′, skin friction 𝜏𝑓 and 
hydraulic gradient 𝑖 is given by (Fig. 5.2c): 
0 SfWM FFFF         (5.1) 
Where MF , WF , fF  and SF  define the sum of forces due to vertical effective 
stresses, the effective weight of the soil layer, the cell wall frictional resistance, and 
seepage stresses due to applied hydraulic gradient, respectively (see Eqs. 5.2-5.5).  
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Figure 5.2 Illustrations for stress distribution under; (a) hydrostatic, (b) hydrodynamic 
conditions and (c) limit equilibrium in a discretised soil layer 
(a) (b)
’
(c)
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dyKDF mvf
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0        (5.4) 
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         (5.5) 
Substituting Eqs. 5.2-5.5 into Eq. 5.1 and simplifying: 
mvfwii
y
''
'





       (5.6) 
where 𝜎′𝑚𝑣 = (𝜎′𝑣𝑡 + 𝜎′𝑣𝑏)/2 is the mean effective stress in the soil layer, 
DKff 04   is the friction factor that evolves from the coefficient of earth pressure 
at rest (𝐾0 = 1 − sin∅
′) and the coefficient of skin friction at the soil particle-wall 
interface (𝜇𝑓). Notably, Eq. 5.6 can be modified for a case of upward or downward flow, 
as well as the direction of frictional resistance. Now, by considering the initial tendency 
of soil movement due to applied normal stress is downwards (axial compression), the 
skin friction would act upwards, so for a soil layer subjected to an upwards flow and skin 
friction acting in an upward direction against the applied normal stress on specimen (𝜎′ >
0), Eq. 5.6 is modified to give Eq. 5.7: 
mvfwii
y
''
'
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
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       (5.7) 
The first order partial differential Eqs 5.6 and 5.7 defines the boundary value problems 
for which there is no unique solution in current forms with two variables (𝜇𝑓 and 𝜎′𝑣𝑏). 
However, for a no flow condition (𝑖 = 0), the solution will be a function of f : 
''
'


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f
y
y
        (5.8) 
−(
𝐷
4𝜇𝑓
) . 𝑑𝜎′𝑦 = [(
4𝜇𝑓
𝐷
)𝜎𝑣𝑡
′ − 𝛾′] ∫ 𝑑𝑦
𝑦
0
     (5.9) 
−(
𝐷
4𝜇𝑓𝑦
) . 𝑑𝜎′𝑦 = [𝜎𝑣𝑡
′ −
𝐷𝛾′
4𝜇𝑓𝑦
]      (5.10) 
Assuming, [𝜎𝑣𝑡
′ −
𝐷𝛾′
4𝜇𝑓𝑦
] = 𝜎′𝑦: 
 (
−4𝜇𝑓𝑦
𝐷
) = ln|𝜎′𝑦|        (5.11) 
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𝜎′𝑦 = (𝑒
−4𝜇𝑓𝑦
𝐷 ) 𝑒𝐶1        (5.12) 
Using the initial condition, i.e. at 𝑦 = 0, Eq.5.12 modifies to read (𝜎′𝑦 = 𝑒
𝐶1): 
𝑒𝐶1 = [𝜎𝑣𝑡
′ −
𝐷𝛾′
4𝜇𝑓
]        (5.13) 
Using Eq. 5.12 in Eq. 5.13 and simplifying it further to obtain the following Eq. 5.14: 
𝜎′𝑧 =
𝛾′𝐷
4𝜇𝑓
+ [𝜎𝑣𝑡
′ −
𝛾′𝐷
4𝜇𝑓
] × 𝑒−4𝜇𝑓𝑦 𝐷⁄       (5.14) 
Also, an approximate solution of Eq. (5.8) based on finite differencing is given by: 
𝜎′𝑧 =
1
[1+𝑁𝑓]
× [𝜎′𝑣𝑡 × (1 − 𝑁𝑓) + 𝛾
′∆𝑦]; 𝑁𝑓 = 2𝜇𝑓∆𝑦 𝐷⁄   (5.15) 
Assuming that 𝜇𝑓 is constant along the soil-wall boundary with a known magnitude of 
top normal effective stress, Eq. 5.7 can be solved for effective stress at the bottom of soil 
layer. Using a simple assumption of no stress variations at the soil-wall interface 
(i.e. 𝜎′𝑣𝑏,𝑖 = 𝜎′𝑣𝑡,𝑖+1), a finite difference discretisation of the soil column yields: 
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For  ifi yX  5.01  and   15.01  ifi yY  , Eq. 5.19 becomes: 
 wiiiiiiviv iYyYX   ','1,'       (5.20) 
Using, 𝜎′𝑣,𝑖+1𝑡 = 𝜎′𝑣,𝑖𝑏, the mean vertical effective stress within a soil layer-i reads; 
Chapter 5 Commissioning of novel hydraulic test apparatus  115 
 
  iwiiiiiiivimv YiyYyYX   ',',' 15.0   (5.21) 
 
Figure 5.3 shows the results of static friction tests conducted to estimate the coefficient 
of contact friction (𝜇𝑓) between various surfaces such as steel on dry gravel, poly-carbon 
on wet gravel, teflon coated poly-carbon on wet gravel, and gravel on wet gravel, etc. 
Notably, Steel was tested because Trani and Indraratna (2010) performed filtration tests 
in a steel cell and their data is later used for current model verification later in chapter-7. 
Sheets of various materials (size: 15cm×15cm×0.5cm) were placed and dragged on the 
horizontal surface of soil under pre-requisite normal stress levels (𝜎𝑛) to determine the 
peak frictional resistance (𝜏𝑓) at which a sheet started to slide on the soil, following the 
standard test procedure for determining 𝜇𝑓 (ASTM D1894). This test procedure was then 
calibrated by the results of consolidated drained direct shear tests (ASTM D3080) 
performed on soils C1, C2, and G, and the results are plotted using dotted lines in Fig. 
5.3. A close agreement between  𝜇𝑓 and tan∅
′ of sample-C determined from direct shear 
tests could calibrate the results of current surface friction tests. 
 
  
Figure 5.3 Surface friction and direct shear test results for friction factors 
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.  
Figure 5.4 Comparisons between computed and observed effective stresses for 
hydrostatic cases, i.e. 𝑖𝑎 = 0 (Note: effective stress = total stress – pore water pressure). 
 
Table 5.1 Summary of commissioning test results (* tests without load cells) 
Test 
No. 
Sample 
ID 
𝐶𝑢 
Rd 
(%) 
f (Hz) 
Observations 
Internal 
stability 
Failure 
type 
𝑘𝑖 𝑘𝑓⁄  Turbidity (NTU)   
1 C1-R95* 1.1 94.5 0 1 130 S 
Heave-piping 2 C1-R95 1.1 95 0 1 145 S 
3 C1-R95 1.1 95.5 5 1.18 170 S 
4 C2-R95* 1.5 95.1 0 1 0 S 
Heave 5 C2-R95 1.5 94.6 0 1 0 S 
6 C2-R95 1.5 95.5 5 1.1 48 S 
7 G-R95* 9.5 95.1 0 1 155 U 
Washout 
8 G-R95 9.5 95.3 0 1 195 U 
9 G-R95 9.5 95.2 5 2.2 200 U 
Excessive & 
pre-mature 
washout 
10 G-R95 9.5 95.7 10 2.4 255 U 
11 G-R95 9.5 96.7 15 2.6 270 U 
12 G-R95 9.5 96.9 20 2.8 250 U 
 
43
44
45
46
47
48
43 44 45 46 47 48
Soil C1
Soil G
Experimental (kPa)
E
s
ti
m
a
te
d
, 
(k
P
a
) 30 mm
6
3
2
1
0
25 mm
30 mm
30 mm
30 mm
30 mm
25 mm
Soil C2
Chapter 5 Commissioning of novel hydraulic test apparatus  117 
 
6.5 Effect of Instrumentation and Test Repeatability 
6.5.1 under static loading conditions 
Tests under static loading were performed with three objectives: (1) to evaluate the 
response of test specimens under short term static loading, (2) to compare the results of 
static tests with those obtained under cyclic conditions, and (3) to assess the effect of 
instrumentation on the response of test samples. The total volume of both load cells 
(39.27𝑐𝑚3) was almost 5 times greater than the overall volume of ADR probes, needles, 
wires and pressure transducer sensors (7.63𝑐𝑚3), and was 0.43% of the total volume of 
a test specimen, i.e. 9047.8𝑐𝑚3. Hence, only the effects of placing the load cell 
(henceforth called LC) inside the test specimens were examined. For this purpose, a total 
of 6 tests were performed under a static load of 50 kPa applied on each sample, i.e. 3 tests 
without LC and 3 with LC. The applied hydraulic pressure and hence  𝑖𝑎 was increased 
in steps at slower rates (e.g. increments of 0.5 for soil-G compared to that from 3 to 5 for 
soils C1 and C2, depending on the response of test specimens. 
 
Figure 5.5 Porosity variations for; (a) soil C2, (b) soil C1 and (c) soil G under static 
loading and (d) soil G under cyclic loading at 𝑓 =20 Hz. 
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Table 5.1 shows the summary of the physical properties of current specimens and the 
hydraulic test results, including the test series numbers, sample identities (ID), 
coefficients of uniformity, relative densities, the initial and final permeability ratios, 
effluent turbidities, stability assessments from CP-CSD method, and the observed failure 
types. 
As Fig. 5.4 shows, close agreements are obtained between the predicted (from Eqs. 5.14 
and 5.15) and measured (from LC measurements) magnitudes of effective stresses at the 
middle and the bottom of test specimens for hydrostatic conditions (𝑖𝑎 = 0). A small 
reduction in stress of up to 10% is observed from top to bottom of the specimens, and 
that is mainly due to skin friction because no flow is applied during these tests. Notably, 
the 𝜇𝑓-values determined in this study proved to be valid measures of the skin friction 
characteristics because the proposed model agreed with the experimental results (Fig. 
5.5). Fig. 5.5a-5.5c shows the time histories of porosity variations for selected tests 
 
 
Figure 5.6 Stress reduction for hydrodynamic cases under static loading; (a) soil G with 
LC and (b) without LC, and (c) soil C2 with LC and (d) without LC 
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Figure 5.7 Initial and final (at the onset) effective stress distributions 
 
with and without the load cells (LC) under static conditions. It is observed that the 
specimen response is consistent and independent of the presence of load cells. For 
example, at the onset of heave and suffusion, the spatial variations in the specimen 
porosities were almost similar. 
5.5.2 under cyclic loading conditions 
Figure 5.5d shows an abrupt axial compression of the test specimen under cyclic loading 
due to compression of the soil fabric that eventually ceases after 40,000 cycles. Notably, 
the failed response of soil G does not vary much compared to that under static conditions 
where it exhibited suffusion. Nevertheless, under cyclic loading, soil G suffers from pre-
mature suffusion. For instance, at 𝑓 = 20 Hz, washout begins at 𝑖𝑐𝑟,𝑎 = 11.2, i.e. almost 
30% smaller than that observed during static tests (𝑖𝑐𝑟,𝑎 = 16.3). This decrease in 
porosity has caused significant reduction in permeability which is then reflected by the 
development of transient pore pressure (∆𝑢) within the test specimens under cyclic 
loading, as also reported by Trani (2009). Moreover, agitation due to cyclic load induces 
vigorous movements of fines within the pore spaces, as is also observed during the tests. 
These two factors are perceived to be the major causes of premature suffusion. As 
discussed later, both agitation and the magnitude of ∆𝑢 are observed to be the direct 
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functions of cyclic loading frequency. Figure 5.6 shows the comparisons between 
observed and estimated effective stress magnitudes from Eq. 6.20 for soil G under static 
loading. The close agreements between theory and the experimental results with and 
without load cells (LC) could verify the proposed effective stress reduction model (Eq. 
5.7). Figure 5.7 shows the effective stress distributions at the start and at the onset of 
seepage failures (i.e. heave and suffusion) for the current test results. It can be observed 
that the slightly non-linear initial (average) effective stress distributions become 
increasingly non-linear at the onset seepage failures, regardless of failure types. 
5.6 Test Results and Discussions 
5.6.1 Hydraulic Response of Tested Samples 
Figure 5.8a shows the variations of average hydraulic gradients with the volumetric flow 
rates 𝑄𝑓, whereby the critical onsets of seepage induced failures can be clearly identified 
by marked variations in 𝑄𝑓-values (generally increasing) during hydraulic tests. At the 
onset of failure, as mutually indicated in Figs. 5.8b and 5.8c, the effluent turbidities (𝑇𝑒) 
are much higher than 60 NTU, followed by a marked increase in axial strain (∈𝑎) that 
can be attributed to the internal erosion of fines. The uniform specimens C1 and C2 are 
internally stable and show heave and composite heave-piping failures, respectively, at 
very high 𝑖𝑐𝑟,𝑎-values. Both (samples C1 & C2) do not exhibit any marked increase in 
effluent turbidity and axial strain, but the horizontal channels that appeared in the bottom 
layer-12 indicated heave that is considered to be an indication of failure. At the onset of 
heave, there is a slight increase in 𝑄𝑓 while the magnitude of 𝜎
′
𝑚𝑣 within the critical 
layer is neutralised to a minimum value (≤ 10 kPa) by seepage and friction. 
The onset of suffusion in soil G is characterised by visual washout of fines, a marked rise 
in 𝑄𝑓 and 𝑇𝑒-values, and a substantial increase in ∈a due to internal erosion at 
comparatively smaller 𝑖𝑐𝑟,𝑎 during the static and cyclic tests. The effluent turbidity 
continues to increase when the hydraulic pressure is increased, and that eventually results 
in larger axial strains in the test samples (Fig. 5.8c). During static tests with and without 
LC, soil G shows suffusion at  𝑖𝑐𝑟,𝑎 = 16.3 and 15.3, respectively. 
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Figure 5.8 Test results for the current test samples; (a) flow curves i.e. relationships 
between applied hydraulic gradients and effluent volumetric flow rates and time histories 
for; (b) effluent turbidity and (c) axial strains. 
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Figure 5.9 Illustration of (a) captured fines on top of loading piston due to piping (Test 
4 in Table 5.1), (b) development of piping leading to the washout (Test 7), (c) onset of 
washout (Test 5), (d) development of washout failure under cyclic loading at 10 Hz (Test 
10) and (e) onset of washout at 20 Hz (Test 12) 
 
Under cyclic loading at 5, 10 and 20 Hz frequencies, suffusion occur at smaller 𝑖𝑐𝑟,𝑎 =
12.8, 11.8 and 11.2, respectively (Fig. 5.8). The results of pre and post-test PSD 
analyses reveal that soil G is internally unstable under static and cyclic conditions. Figure 
5.9 presents the visual illustrations of test samples, and the development and onset of 
failures in select specimens; the details are reported in Table 5.2. 
5.6.2 Hydro-mechanical Response and Seepage Induced failures 
Figure 5.10 shows the time histories of local hydraulic gradients 𝑖 𝑖𝑗, where the critical 
onsets of heave and suffusion are indicated with the corresponding average (𝑖𝑐𝑟,𝑎) and 
local (𝑖𝑐𝑟,𝑖𝑗) critical hydraulic gradients. Figure 5.10a presents the results for uniform soils 
(C1 & C2) with and without LC in continuous and intermittent lines, respectively. Onsets 
(a) (b) 
(c) (d) (e) 
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of failures are recognised by visual heave and heave-piping at very large hydraulic 
gradients and small effective stresses (𝜎′𝑚𝑣 ≤ 10 kPa), respectively. The magnitudes of 
𝑖𝑐𝑟,𝑎 and 𝑖𝑐𝑟,𝑖𝑗 for both C1 and C2 are consistent, regardless of with and without LC that 
confirm the repeatability of tests, while the instrumentation has no significant effects on 
the current results (Fig. 5.10a). For example, 𝑖𝑐𝑟,𝑎 = 51.4  and 50.2, and 𝜎
′
𝑚𝑣 = 8.6 and 
8 kPa are observed for C2 with and without the load cells, respectively. Fig. 5.10b shows 
the time histories of 𝑖𝑐𝑟,𝑖𝑗 for soil G during the static and cyclic tests. Under static loading, 
the magnitudes of 𝑖𝑐𝑟,𝑎 at the onset of suffusion in layer-23 are 15.3 and 16.3 with 𝑖𝑐𝑟,𝑖𝑗 =
27.5 and 26 with the corresponding 𝜎′𝑚𝑣 = 13.5 and 15 kPa, respectively. 
 
Under cyclic loading, the same soil G shows premature failures, e.g. at f =5, 10 and 20 
Hz, erosion begins at 𝑖𝑐𝑟,𝑎 = 12.8, 11.8 and 11.2, 𝑖𝑐𝑟,𝑖𝑗 = 29.8, 30.7  and 31, 
and   𝜎′𝑚𝑣 = 19.1, 18.7 and 18.4 kPa, respectively. Notably, the increase in frequency 
from 5 to 20 Hz results in increasingly premature failures in terms of 𝑖𝑐𝑟,𝑎, whereas the 
erosion initiates within the same layer-23 at a similar 𝑖𝑐𝑟,𝑖𝑗 − 𝜎
′
𝑚𝑣,𝑖𝑗 combination clearly 
defines the hydro-mechanical boundary for G. Trani and Indraratna (2010) reported 
similar results for filters F2 and F4, which showed internal instability at  𝑖𝑐𝑟,𝑎 = 10.2 
under 5 Hz cyclic loading. The probable explanations for this can be: 
 
1 the development of localised (transient) pore pressure inside the specimens, as 
shown in Fig. 5.12b; and 
2 agitation due to cyclic loading that causes significant alterations in constriction 
sizes and packing patterns, as well as the vigorous movement of fines in the pore 
spaces due to cyclic loading, as discussed elsewhere in Chapter 4 (e.g. Xiao et al. 
2006; Kenney and Lau 1986). 
 
An analysis of the impact of loading condition on the magnitude of 𝑖𝑐𝑟,𝑎 revealed that 
 𝑖𝑐𝑟,𝑎 under cyclic loading is smaller than under static loading and its magnitude decreases 
further as the cyclic frequency is increased. For example, internally stable specimens C1 
and C2 showed 6% and 4% reductions in 𝑖𝑐𝑟,𝑎 under 5 Hz loading, respectively, while 
internally unstable soil G showed up to 19%, 25%, 27%, and 30% reductions in  𝑖𝑐𝑟,𝑎 at 
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5, 10, 15 and 20 Hz loading, respectively. In contrast, the magnitudes of 𝑖𝑐𝑟,𝑖𝑗 were higher 
during the cyclic tests and increased further at higher frequencies. For instance, C1 and 
C2 showed 9% and 6% increase in 𝑖𝑐𝑟,𝑖𝑗 at 5 Hz loading, while G exhibited up to 11%, 
14%, 15%, and 16% increase at 5, 10, 15, and 20 Hz loading, respectively. The above 
discrepancy between static and cyclic results was mainly due to the development of pore 
pressure under cyclic loading. 
In this chapter the component of pore water pressure (∆𝑢) could be deduced by comparing 
the magnitudes of  𝑖𝑐𝑟,𝑎 and 𝑖𝑐𝑟,𝑖𝑗, as depicted in Fig. 5.11. No excess pore water pressures 
were observed during static tests because the sum of internal head losses within discrete 
layers and the average head loss were similar. However under cyclic loading, the sum of 
internal head losses was higher than the average head loss across the length of the 
specimen and the difference between the two was considered to be the excess pore 
pressure. Eqs. 5.22-5.25 were used to compute the magnitudes of head losses and the 
corresponding hydraulic gradient (𝑖∆𝑢). Notably,  𝑖𝑐𝑟,𝑖𝑗 combines with the excess 
hydraulic gradient 𝑖∆𝑢 and approaches the hydro-mechanical boundary governed by 
unique 𝑖𝑐𝑟,𝑖𝑗 − 𝜎
′
𝑚𝑣,𝑖𝑗 combinations that induced seepage failures. 
𝐻𝑤
𝑎 = (𝑝𝑤
𝑖𝑛 − 𝑝𝑤
𝑜𝑢𝑡) 𝛾𝑤⁄        (5.22) 
ℎ𝑤
𝑙 = ∑
𝑝𝑤
𝑖+1−𝑝𝑤
𝑖
𝛾𝑤
𝑖=𝑛−1
𝑖=1         (5.23) 
∆𝑢 = (ℎ𝑤
𝑙 − 𝐻𝑤
𝑎) × 𝛾𝑤       (5.24) 
Where 𝐻𝑤
𝑎  and ℎ𝑤
𝑙  are the average head loss and the sum of local head losses. 𝑝𝑤
𝑖𝑛 and 
𝑝𝑤
𝑜𝑢𝑡, and 𝑝𝑤
𝑖  and 𝑝𝑤
𝑖+1 define the inflow and outflow hydraulic pressures across the length 
of specimen ℎ𝑓 and the discrete soil layer ∆𝑦, respectively. Expressions for 𝑖∆𝑢 and 𝑟𝑢 are 
given as follows (see Appendix-B for the detailed pore pressure analysis): 
𝑖∆𝑢 = ∆𝑢 𝛾𝑤 × ∆𝑦⁄         (5.25) 
𝑟𝑢 = ∆𝑢 𝜎
′
𝑐𝑜⁄     `     (5.26) 
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Figure 5.10 Time histories of local hydraulic gradients and onset of seepage induced 
failures for internally; (a) stable and (b) unstable soil samples 
 
where 𝑟𝑢 is the normalised pore pressure ratio, 𝜎
′
𝑐𝑜(=  𝜎
′
𝑚𝑣 × (1 + 2𝐾0)/3) is the mean 
effective confining stress, with 𝐾0 (= 1 − 𝑠𝑖𝑛 ∅
′) being the coefficient of earth pressure 
at rest, and ∅′ being the angle of internal friction. Eq.5.26 is modified to read: 
𝑖∆𝑢 =
𝑟𝑢×𝜎
′
𝑚𝑣×(1+2𝐾)
3×𝛾𝑤×∆𝑦
        (5.27) 
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Figure 5.11 Quantifying (a) average and (b) local head losses across the specimens 
 
Table 5.2 summarises the results and hydro-mechanical factors governing the occurrence 
of seepage failures in current specimens, e.g. initial mean effective stress (𝜎′𝑚𝑣𝑖) and the 
onset (𝜎′𝑚𝑣𝑜) of seepage failures, average, local and ∆𝑢-induced hydraulic gradients, 
computed 𝑟𝑢 and observed failure types. As Figures 5.12a-5.12b show, the  𝑖𝑐𝑟,𝑎-values 
are plotted against the stability index (𝐷𝑐𝑐35 𝑑
𝑓
85𝑓⁄ ) and the initial 𝜎
′
𝑚𝑣𝑖-values, 
respectively. Here, the difference between the response of specimens under static and 
cyclic loading can be seen where no clear correlations are observed. However, a single 
correlation is observed between  𝑖𝑐𝑟,𝑖𝑗 and 𝜎
′
𝑚𝑣,𝑖𝑗 governing the occurrence of seepage 
failures in current specimens (Fig. 5.12c), where results from both static and cyclic tests 
could be described by a single correlation. This also showed that seepage failures and 
hence the internal instability in granular soils, occurs at unique 𝑖𝑐𝑟,𝑖𝑗 −
𝜎′𝑚𝑣,𝑖𝑗 boundaries, which may or may not be independent of the loading type (e.g. static 
and cyclic). The above analysis showed that the existing geometrical criteria for the 
internal stability of filters may be unsafe under cyclic loading, where hydro-mechanical 
factors may control the instability of soils. 
Nonetheless, some of these factors were studied in this chapter, e.g. 𝑖𝑐𝑟,𝑖𝑗,  𝑖𝑐𝑟,𝑎, and 
𝜎′𝑚𝑣,𝑖𝑗 and the effects of loading frequency on their magnitudes were investigated. An 
understanding of the seepage induced response of soils was established under short-term 
Inflow
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static and cyclic loading by simulating downstream filters in dams, and subballast filters 
in railway substructures under heavy haul loading. 
In this chapter, although a limited number of tests were conducted with a single loading 
magnitude, no firm conclusions could be drawn regarding the factors governing the 
hydro-mechanical response and observed correlations. Nonetheless, it is likely that the 
seepage response of soils may vary with the change in loading magnitude, direction of 
seepage flow, and confining pressures that were not studied here. Factors such as the 
reduction in permeability due to cyclic densification, development of pore pressure, and 
variations in effective stresses and 𝑖𝑐𝑟 magnitudes must be considered when designing 
filters under cyclic loading. In this respect the findings from this chapter would be 
considered as a framework for further developments on assessing the potential and 
inception of internal instability under both static and cyclic loading. 
 
Table 5.2 Factors governing the onset internal instability in current samples 
Sample 
ID 
Loading 
condition 
∆𝑢 
(kPa) 
Mean effective 
stress (kPa) 
Hydraulic gradient 
*𝑟𝑢 
𝜎′𝑚𝑣𝑖 𝜎
′
𝑚𝑣𝑜 
Average 
𝑖𝑐𝑟,𝑎 
Local 
𝑖𝑖𝑗 
∆𝑢 induced 
𝑖∆𝑢 
C1-R95 Static 0 47.1 10.1 44.5 41 0 0 
C1-R95 Static 0 47.1 9.3 45.8 44 0 0 
C1-R95 Cyclic 0.81 47.1 9.6 42.4 46.5 2.75 0.127 
C2-R95 Static 0 46.7 9 50.2 52 0 0 
C2-R95 Static 0 46.7 8 51.4 55 0 0 
C2-R95 Cyclic 0.53 46.7 8.5 49 56.7 1.80 0.093 
G-R95 Static 0 47.4 13.5 15.3 27.5 0 0 
G-R95 Static 0 47.4 14.7 16.3 26 0 0 
G-R95 Cyclic 1.5 47.2 19.1 12.8 29.8 5.08 0.117 
G-R95 Cyclic 1.99 47.3 18.7 11.8 30.7 6.77 0.160 
G-R95 Cyclic 2.14 47.3 18.6 11.5 30.9 7.28 0.173 
G-R95 Cyclic 2.30 47.4 18.4 11.2 31.1 7.79 0.187 
*𝑟𝑢 defines the pore pressure ratio normalized with mean effective confining stress. 
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Figure 5.12 Correlations between; (a) average critical gradient, 𝑖 𝑐𝑟,𝑎 and stability index 
from Chapter 4, (b) 𝑖 𝑐𝑟,𝑎 and 𝜎
′
𝑚𝑣𝑖 and (c) 𝑖 𝑐𝑟,𝑖𝑗 and 𝜎
′
𝑚𝑣𝑖 for current tests. 
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5.7 Chapter Summary 
 
A modified permeameter apparatus and the results of its commissioning through a series 
of short-term internal erosion experiments carried out on three different soils were 
presented. The apparatus could conveniently examine the filtration of soils under static 
and cyclic conditions, including spatial and temporal variations in hydraulic gradients, 
porosities, boundary friction effects, effective variations in stress, and visual observations 
of effluent turbidity and flow rates, etc. Test repeatability and the effects of 
instrumentation on specimen response were properly assessed and the following 
conclusions could be drawn: 
Initial effective stress distribution in soils may or may not be linear in nature, but that 
decreases significantly due to seepage until it becomes increasingly non-linear near 
seepage induced critical onset of internal instability. 
The effective stresses at the critical onset of internally stable soils are likely to be very 
low compared to unstable soils, which still carry significant magnitude of effective 
stresses. For example, soils C1 and C2 under initial 𝜎′𝑣𝑡 = 50kPa, showed heave at low 
mean effective stresses (𝜎′𝑣𝑚𝑜) below 10 kPa and 𝑖𝑐𝑟,𝑎-values 2 to 4 times greater than 
for soil G, which suffered from suffusion at 𝜎′𝑣𝑚𝑜 ≥ 14 kPa and 𝑖𝑐𝑟,𝑎 ≈ 16 under static 
conditions. 
Premature suffusion occurred in soil G under cyclic loading (frequency 𝑓 =
5, 10 and 20Hz) at 𝑖𝑐𝑟,𝑎 = 12.8, 11.8 and 11.2, respectively. Suffusion in soil G began 
at 𝜎′𝑣𝑚𝑜 ≈ 14 − 20 kPa and local hydraulic gradient 𝑖𝑐𝑟,𝑖𝑗 ≈ 26 − 31. 
The cyclic loading induced transient pore pressure which accumulated significantly at 
higher frequencies (10-20 Hz) and with marked agitation of fines within the pore spaces, 
facilitated the premature occurrence of suffusion. Their effects were quantified in terms 
of a normalised pore pressure ratio (𝑟𝑢) and the magnitude of the resulting 𝑖∆𝑢 was back 
calculated and showed a direct correlation with the cyclic frequency. It was observed that 
seepage failures occurred at unique hydro-mechanical boundaries that may or may not be 
independent of the type of loading (e.g. static or cyclic). 
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CHAPTER SIX 
INCEPTION OF INTERNAL 
INSTABILITY UNDER STATIC 
AND CYCLIC LOADING  
 
 
 
 
 
6.1 Introduction 
Internal instability may occur in engineered fills and natural soils (Richards and Reddy 
2007; Li and Fannin 2008), and either case, adversely affects the geomechanical 
properties of soils (Xiao and Shwiyhat 2012). As indicated in Chapter 5, the occurrence 
of instability is governed by hydromechanical factors such as the magnitude of effective 
mean and confining stresses and the associated average and local hydraulic gradients; 
which are also consistent with the observations of Moffat et al. (2011). Nevertheless, 
physical factors such as cyclic loading and vibrations were not examined in any depth by 
previous researchers. Kenney and Lau (1985) for instance, used a rubber mallet to impart 
vibrations and reported that some potentially stable soils suffered from suffusion while 
Trani and Indraratna (2010) conducted hydraulic tests on fully compacted and 
geometrically stable filter gradations (e.g. Kezdi 1979; Sherard 1979) under 5 Hz cyclic 
loading and found the specimens exhibited excessive suffusion at an average hydraulic 
gradient, 𝑖 𝑎 ≈ 10. Some recent studies reported the results of filtration tests where 
internally stable specimens showed excessive internal erosion (i.e. effluent turbidity ≫ 
60 NTU) under cyclic loading (Kabir et al. 2006; Haque et al. 2007; Chung et al. 2012). 
An analysis of pre and post-test PSD results revealed changes in the PSD curves that 
indicated internal instability. 
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In this chapter the effects that static, cyclic loads and associated factors have on the 
internal stability of 4 fully compacted granular soils are investigated (𝑅𝑑 > 95%). These 
tests aim to: (1) investigate how the loading condition affects internal stability, and (2) 
compare their hydraulic response under static and cyclic conditions. During the static tests 
the specimens are subjected to an overburden stress of 𝜎𝑣𝑡
′ = 0, 25, 50, and 100 kPa to 
replicate a downstream filter in embankment dams, while the same sinusoidal load from 
Chapter 5 is applied to replicate a subballast filter under heavy-haul loading at 5, 10, 20 
and 30 Hz. A number of existing criteria are used to assess the internal stability of the 
current samples and the CP-CSD technique of Chapter 4 is modified to capture the effects 
of cyclic loading. Unlike the existing criteria (Wan and Fell 2008; Burenkova 1993; 
Kenney and Lau 1985; Kezdi 1979; Sherard 1979), the modified method is sensitive to 
the PSD and 𝑅𝑑, which makes it practically more appealing and realistic when applied to 
say railway substructures. 
Table 6.1 presents the test results, including the pre and post-test Cu, the percentage of 
eroded fines, post-test settlement, saturated permeability, potential internal stability, the 
average and local hydraulic gradients, and the companion local mean effective 
stress σ mv, ij
′  at the critical onset, etc. The following sections describe the test results in 
detail. 
6.2 Hydraulic Response under Static and Cyclic Loading 
The hydraulic test results for specimens C10 and U are presented in Figs. 6.1 and 6.2, 
respectively, where plots on left side present static results, while those on right side show 
cyclic results. Figure 6.1a shows that the correlations between 𝑖 𝑎 and the effluent flow 
rate,  𝑄 𝑒 (i.e. the flow curves) are identical for different values of 𝜎𝑣𝑡
′  for the sample C10-
S (where S is for static load from 0 to 100 kPa), and shows good repeatability for the tests. 
In some tests turbidity increases immediately after commencing the test (i.e. the erosion 
of residual fines) but it stabilises within 30 to 50 minutes. All the C10 specimens show 
heave development with less than 60 NTU of effluent turbidity readings at very large 
average critical hydraulic gradients (𝑖 𝑐𝑟,𝑎), e.g. 𝑖 𝑐𝑟,𝑎 =  1.14, 12.8, 28.5, and 53.4 are 
recorded for specimens C10-S-0, C10-S-25, C10-S-50, and C10-S-100, respectively (see 
Fig. 6.1a). Here, letters C and S represent cyclic and static loading condition, respectively. 
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Figure 6.1 Hydraulic test results for soil C10: (a) effluent flow rate and turbidity versus 
average hydraulic gradient, (b) histories of average hydraulic gradients and axial strain 
under static conditions, and (c) effluent flow rate and turbidity versus average gradients, 
(d) histories of average gradients and axial strain under cyclic conditions  
 
 
Figure 6.1b shows the time histories of axial compressive strain (𝜖 𝑎) and 𝑖 𝑎, where 𝑖 𝑎 
either rapidly decreases or become constant at the onset of heave, as characterised by the 
development of horizontal channels near the bottom of the test specimens. As heave 
develops, the local effective stress is almost zero in the critical layer of the soil where the 
local hydraulic gradient (𝑖 𝑖𝑗) drops and porosity increases. The axial strain rates decrease 
with the magnitude of 𝜎𝑣𝑡
′ , while maximum compression never exceeds 0.3% before 
heave begins to develop, and then increases quickly to 1.4%. This can be attributed to 
particle rearrangements, as shown by local porosity variations presented in the next 
section. 
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Figure 6.2 Hydraulic test results for soil U: (a) effluent flow rate and turbidity versus 
average hydraulic gradient, (b) histories of average hydraulic gradients and axial strain 
under static conditions, and (c) effluent flow rate and turbidity versus average gradients, 
(d) histories of average gradients and axial strain under cyclic conditions 
 
Figures 6.1c and 6.1d show the results of the hydraulic tests for specimens C10-C (i.e. 
under cyclic loading from 5 to 30 Hz). The flow curves are the same shape before heave 
develops, as seen at 𝑖 𝑐𝑟,𝑎 ≈ 51, 42, 39, and 35  for specimens C10-C-5, C10-C-10, C10-
C-20, and C10-C-30, respectively. Moreover, magnitude of  𝑖 𝑐𝑟,𝑎 decreases as the 
loading frequency is increased, and although the effluent turbidity under cyclic loading 
is higher than that under static loading, it remains below 60 NTU until heave occurs. 
Unlike the static tests, the C10 samples show abrupt initial compression under cyclic 
loading, after which the strain rates increase in proportion to the cyclic frequency. Axial 
strain initially evolves due to cyclic densification and then due to internal erosion, in fact 
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almost 90% densification occurs inside the first 40,000 cycles, depending on the cyclic 
loading frequency, where compressive strains of up to 1.5% are recorded (see Fig. 6.1d). 
Figure 6.2 presents the results of hydraulic tests for soil U under static (Fig. 6.2a and 
6.2b) and cyclic loading (Fig. 6.2c and 6.2d), and while turbidity rarely exceeds 60 NTU 
for the static loading tests, it may reach up to 200 NTU before the inception (i.e. onset) 
of internal instability under cyclic loading. These onsets of instability could be identified 
by abrupt variations in the shapes of the flow curves, with effluent turbidity readings 
exceeding 60 NTU. The less than 0.8% of axial strain eventually increases to 2% when 
internal erosion (suffusion) commences during the static tests, however, densification due 
to cyclic loading results in almost 1.5% of strain prior to the onset of suffusion. 
6.3 Variations in Porosity and Permeability  
During the hydraulic tests the variations in porosity (with time) were monitored by 3 
ADR probes inserted 50, 100, and 150 mm from the bottom. Figure 6.3 shows the 
variations in porosity of specimens C10 and U. The internally stable specimen C10 shows 
insignificant variations before heave develops under static loading but an abrupt 
reduction in porosity is recorded under cyclic loading at a rate proportional to the 
frequency of loading. Soil U shows some variations in porosity before suffusion 
commences, which can be attributed to a local rearrangement of particles (Fig. 6.4). 
Under static loading there is no visible disturbance of coarse fractions or variations in 
porosity before instability commenced, although the specimens are disturbed due to 
cyclic loading and the fines remaining within the pores begin to disband, followed by 
internal erosion. In some cases this is reflected by relatively high turbidity readings such 
as an abrupt reduction in porosity due to cyclic densification followed by blatant instances 
of erosion from specimens U, as indicated by a marked increase in internal porosity 
readings from the ADR probes (Figs. 6.4a to 6.4h). 
Figure 6.5 shows how the magnitudes of static loading and cyclic frequency affect the 
permeability of the test specimens. The initial or Darcy permeability (𝑘 𝑖𝑛) is given by 
hollow symbols while the solid symbols represent the final permeability (𝑘 𝑓) deduced 
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Table 6.1 Summary of select hydro-mechanical properties and test results 
Sample 
ID 
Test 
Condition 
𝜎 𝑚𝑣,𝑖𝑗
′  
(kPa) 
𝑖𝑐𝑟,𝑎 𝑖 𝑐𝑟,𝑖𝑗 
𝑠 
(%) 
Erosion (%) 𝑘𝑠 
(10−2 
cm/s) 
𝑅𝑑  
(%) 
Failure 
Types 
𝑓𝑐 𝑓𝑜 
C10-S-0 
STATIC 
0 1.14 1.19 0.85 0 0.03 2.04 96 Heave 
C10-S-25 2 12.8 12.8 1.04 0 0.027 1.94 96 Heave 
C10-S-50 6 28.5 35.6 0.71 0 0.015 1.77 97 Heave 
C10-S-100 9 53.4 52.7 0.93 0 0.013 1.54 96 Heave 
C23-S-0 0 1.06 1.03 0.8 1.81 2.53 1.36 97 Heave 
C23-S-25 4.5 14.1 12.8 1.13 1.7 2.32 1.24 98 Heave 
C23-S-50 9 26.9 24.6 1.11 1.54 1.71 1.17 97 Heave 
C23-S-100 15 42.5 40.3 1.12 1.75 1.22 1.02 96 Heave 
C20-S-0 0 0.94 0.98 0.99 3.37 3.71 1.27 98 Heave 
C20-S-25 5.5 14.1 15.2 1.06 3.52 3.05 1.19 98 Heave 
C20-S-50 11 19.5 29.6 1.11 2.84 2.83 1.13 96 Heave 
C20-S-100 17.8 42.5 47.4 1.06 2.92 2.51 1.09 95 Heave 
U-S-0 0 0.26 0.23 2.01 6.26 7.37 0.042 97 Suffusion 
U-S-25 10.1 5.1 9.69 1.9 6.59 8.33 0.036 98 Suffusion 
U-S-50 23.2 13.1 21.9 1.93 6.62 7.91 0.027 99 Suffusion 
U-S-100 45.4 25.5 42.6 1.93 7.39 8.89 0.012 98 Suffusion 
C10-C-5 
CYCLIC 
8.5 50.5 49.8 1.25 0 0.22 1.83 97 Heave 
C10-C-10 9.2 42.2 53.8 1.38 0 0.19 1.74 97 Heave 
C10-C-20 10.2 38.9 59.5 1.4 0 0.26 1.7 96 Heave 
C10-C-30 11.9 34.5 69.2 1.45 0 0.30 1.65 98 Heave 
C23-C-5 9.5 32.1 25.9 1.68 3.17 4.11 0.95 97 Suffusion 
C23-C-10 8.75 30.5 23.9 1.81 3.34 4.33 0.90 96 Suffusion 
C23-C-20 10.8 28.9 29.3 1.93 3.61 4.52 0.86 97 Suffusion 
C23-C-30 12.1 25.5 32.7 2 3.56 4.76 0.83 98 Suffusion 
C20-C-5 12.75 26.8 34.2 2.01 3.82 5.17 1.1 98 Suffusion 
C20-C-10 15.6 26.1 41.7 2 4.07 5.49 1.02 97 Suffusion 
C20-C-20 17.5 25.1 46.7 1.95 3.76 5.73 0.94 96 Suffusion 
C20-C-30 21.8 23.85 57.9 1.93 4.28 5.93 0.88 98 Suffusion 
U-C-5 36.7 29.4 34.5 2.24 11.54 12.16 0.021 97 Suffusion 
U-C-10 39.9 28.2 37.5 2.22 12.26 13.55 0.017 98 Suffusion 
U-C-20 44.4 26.3 41.7 2.28 12.33 13.96 0.011 99 Suffusion 
U-C-30 46.1 24.7 43.3 2.33 12.85 14.23 0.010 99 Suffusion 
Note: 𝑘𝑠 , 𝜎 𝑚𝑣,𝑖𝑗
′  define saturated permeability and mean effective stress, respectively. 
Chapter 6 Inception of internal instability in filters under static and cyclic loading 136 
 
almost 30 minutes prior to the critical onset. An increase in initial stress (𝜎𝑣𝑡
′ ) from 0 to 
100 kPa results in an almost 5% proportional reduction in 𝑘 𝑖𝑛, while an increase in cyclic 
frequency from 5 to 30 Hz induces up to 10% reduction in permeability. Nevertheless, 
the  𝑘 𝑓 remains insensitive to both static and cyclic loading and there is no specific 
correlation between 𝑘 𝑖𝑛 and  𝑘 𝑓. While the reductions in permeability for C10-S reported 
in Fig. 6.5a are still very small (< 5%), the corresponding porosities do not show 
consistent reductions; this can be attributed to large applied hydraulic pressures such as 
the 𝑖𝑎 from 1.5 to 72 for tests under 𝜎𝑣𝑡
′ -values from 0 to 100 kPa, which may affect the 
permeability of the test specimens (Fox 1996; Kodikara and Rahman 2002). This is 
consistent with the results of the cyclic tests shown in Fig. 6.5b where 𝑖𝑎 generally 
remains between 40 and 50 in all the tests on C10-C. The 𝑘𝑖 decreases by almost 10% 
due to the abrupt compression caused by cyclic loading, whereas the 𝑘𝑓-values remain 
the same due to the consistent hydraulic conditions. Essentially, the hydraulic response 
remains consistent and steady before critical onset commences during the static tests, 
while there is an excessive and premature erosion of fines due to disturbances during the 
cyclic tests. 
6.4 Local Head Losses and Hydraulic Gradients 
Figure 6.6 shows the time histories of local hydraulic gradients (𝑖 𝑖𝑗) for specimens under 
static loading (𝜎𝑣𝑡
′ = 50 kPa) and cyclic conditions (𝑓 = 30 Hz at  𝜎𝑚𝑒𝑎𝑛
′ = 50 kPa). 
The inception (onset) of instability is characterised by a marked drop in the 𝑖 𝑖𝑗-values 
that is fully consistent with: (i) the spatial variations in porosity (Fig. 6.3-6.4), and (ii) 
the time for critical onsets deduced from the flow and turbidity curves discussed earlier 
(Figs. 6.1-6.2). The solid lines in Fig. 6.6 show the 𝑖 𝑖𝑗 histories for the critical soil layer 
where instability has occurred. The critical onsets for specimens C10 are characterised 
by abrupt increases in the slopes of the flow curves, drops in the 𝑖 𝑖𝑗-values, and the 
development of channels at the bottom of the specimens (i.e. heave). The critical onsets 
are indicated with the corresponding values of 𝑖 𝑐𝑟,𝑖𝑗 and 𝑖 𝑐𝑟,𝑎. For example, in samples 
C10-S-50 and C10-C-30 the magnitudes of effluent flow rate 𝑄𝑒 increases from 1.55 and 
1.75 lit/min to 1.7 and 1.85 lit/min, while the corresponding 𝑖𝑎 drops from 28.5 and 34.5 
to 28 and 34, and 𝑖𝑖𝑗 from 36 and 69 to 30 and 45,  
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Figure 6.3 Time histories of porosity variations in soil C10 under both static and 
cyclic loading 
 
respectively (Figs. 6.6a and 6.6e). Note that the 𝑖 𝑐𝑟,𝑎-values are generally smaller and 
consistent despite the static or cyclic conditions, unlike the 𝑖 𝑐𝑟,𝑖𝑗-values, which tend to 
be 1.3 – 2 times greater under cyclic loading. This discrepancy may be attributed to the 
excess pore pressures induced by the large reduction in permeability due to cyclic 
densification. The values of 𝑖 𝑐𝑟,𝑖𝑗 and 𝑖 𝑐𝑟,𝑎 for all the current tests are presented in Table 
6.1. 
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
P
o
ro
si
ty
, 
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
Time, 
(a) Soil C10-S-0
(b) Soil C10-S-25
(c) Soil C10-S-50
(d) Soil C10-S-100
Heave
Heave
Heave
Heave
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
30
30.3
30.6
30.9
31.2
31.5
0 200 400 600 800 1000
Heave
Heave
Heave
Heave
Time, 
(e) Soil C10-C-5
(f) Soil C10-C-10
(g) Soil C10-C-20
(h) Soil C10-C-30
Chapter 6 Inception of internal instability in filters under static and cyclic loading 138 
 
  
Figure 6.4 Time histories of porosity variations in soil U under both static and cyclic 
loading 
 
Figure 6.7 shows the effects of increasing the magnitudes of 𝜎𝑣𝑡
′  and 𝑓 (cyclic frequency) 
on 𝑖 𝑐𝑟,𝑎 and 𝑖 𝑐𝑟,𝑖𝑗-values. Under static loading, the values of 𝑖 𝑐𝑟,𝑎 and 𝑖 𝑐𝑟,𝑖𝑗 increase 
proportionally with the 𝜎𝑣𝑡
′  (Figs 6.7a to 6.7d), which tend to agree with Skempton and 
Brogan’s (1994) proposition that the magnitudes of 𝑖 𝑐𝑟,𝑎 for piping could be increased 
significantly by loading the filters. Figures 6.7e to 6.7h illustrate 
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Figure 6.5 Variations of initial and final saturated hydraulic conductivity against; (a) 
effective stress magnitude under static loading and (b) cyclic loading frequency. 
 
how 𝑖 𝑐𝑟,𝑎 decreases and 𝑖 𝑐𝑟,𝑖𝑗 increases as the cyclic frequency is increased from 5 to 30 
Hz. Up to 5 Hz, the difference between the values of  𝑖 𝑐𝑟,𝑎 and 𝑖 𝑐𝑟,𝑖𝑗 is insignificant and 
they both follow increasing trends that are consistent with the static tests. Nevertheless, 
the increasing trends of 𝑖 𝑐𝑟,𝑖𝑗 and the decreasing trends of 𝑖 𝑐𝑟,𝑎 from 5 to 30 Hz indicate 
that erosion is higher and progressively quicker under cyclic loading than static loading. 
This implies that strong seepage combined with perturbation and a rise in pore water 
pressure under cyclic loading can trigger excessive and premature erosion of fines in 
marginal and unstable samples. 
6.5 Effective Stress Variations with Specimen Depth 
The variations in effective stresses were monitored in real-time by a servo-controlled 
actuator system (stress at the top), a load cell placed in the middle, and another at the 
bottom of the specimens. The effective stress was determined from the difference 
between total stress and cell pressure, which was monitored using pore pressure 
transducers. The cell pressure included the applied hydraulic pressure and any excess 
pore water pressures that evolved during testing. In either case, negligible residual pore 
pressures were expected because fully drained conditions were maintained during 
hydraulic testing. Nevertheless, transient pore pressures still developed due to the impact 
of cyclic loading, as shown previously by the time histories of 𝑖𝑖𝑗 that may  
0
0.008
0.016
0.024
0.032
0.04
0 20 40 60 80 100
P
e
rm
e
a
b
il
it
y,
 k
 (
m
/s
)
Initial normal stress (kPa)
(a)
0
0.008
0.016
0.024
0.032
0.04
0 5 10 15 20 25 30
Cyclic loading frequency, f (Hz)
(b)
Soil C10
Soil C20
Soil U
Initial
Final
Soil C23
Chapter 6 Inception of internal instability in filters under static and cyclic loading 140 
 
 
Figure 6.6 Time histories of local hydraulic gradients for selected specimens under 
static and cyclic loading (Note: Onset of internal instability is indicated with the 
magnitudes of average and local critical hydraulic gradients). 
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Figure 6.7 Effect of static load (effective stress magnitude) and cyclic frequency on 
average and local critical hydraulic gradients for internal instability of current specimens: 
(a) C10-S, (b) C23-S, (c) C20-S, (d) U-S, (e) C10-C, (f) C23-C, (g) C20-C, and (h) U-C 
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accumulate at higher frequencies over some periods of time, thereby causing some 
disturbance to the CSD network of the soil (Trani and Indraratna 2010). Note that these 
transient pore water pressures do not cause any significant reductions in effective stress 
because their mean is usually zero (Sassa and Sekiguchi 1999). A brief procedure for 
quantifying the transient pore water pressure is described in Appendix-III. 
Figure 6.8 shows the distributions of cyclic effective stress at the start (Fig. 6.8a) and at 
the onset of heave (6.8b) in specimen C10-C-5. Figure 6.9 presents the effective stress 
distributions for selected specimens where the lines and symbols show the computed (Eq. 
6.1) and measured values, respectively. 
mvfwiiy
'''          (6.1) 
Note that Eq. 6.1 is the same as Eq. 5.7 of Chapter 5. The initial stresses vary almost 
linearly with depth (solid lines and symbols), hence verifying the uniformity of test 
specimens across the depth. However, irrespective of instability potential and initial 
loading conditions, the stress distributions become increasingly non-linear towards the 
critical onset (intermittent lines and hollow symbols). 
With the internally stable sample C10, heave (no erosion) commenced at 30-40 mm from 
the bottom of the test specimens (soil layer 12) during the static and cyclic tests, while 
they were still carrying small effective stresses from 1 to 7 kPa and 8 to 14 kPa, 
respectively (Figs. 6.9a and 6.9b). For instance, heave develops in C10-S-50 (i.e. static 
test at 𝜎𝑣𝑡
′ = 50 kPa) and C10-C-50 (cyclic test at 𝜎𝑚𝑒𝑎𝑛
′ = 50 kPa) when they are still 
carrying 4 and 11 kPa, respectively. However, suffusion in the internally unstable 
specimens U begins in the upper portion between 100 and 160 mm from the bottom (soil 
layers 34 and 56) during static and cyclic tests, respectively, where the effective stress 
magnitudes are still very large (Figs. 6.9c and 6.9d). For example, the fine particles from 
specimens U-S-50 and U-C-30 are eroded, while their coarser fractions are still carrying 
stress magnitudes of almost 30 and 41 kPa, respectively. In summary, the coarser and 
finer fractions of the stable specimen C10 contributed to the uniform and sustainable 
transfer of stresses because none of them could be destabilised by seepage and would 
only indicate heave at very large 𝑖 𝑐𝑟,𝑖𝑗 and 𝑖 𝑐𝑟,𝑎-values. 
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Figure 6.8 Seepage induced effective stress variations under cyclic loading conditions 
for select sample C10-C-5 (Test-17); (a) at  𝑖𝑎 = 0, and (b) at  𝑖𝑎 = 35. 
 
 
Figure 6.9 Seepage induced spatial effective stress variations in select test samples-C23 
and –C20 under; (a) static and (b) under cyclic loading conditions. 
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6.6 Pre- and Post-test Particle Size Distribution Analysis 
For post-test analyses, the tested samples were retrieved in 3 equivalent top, middle, and 
bottom layers (almost 67 mm each) and the percentage of internal erosion was then 
determined. Figure 6.10 shows the pre- and post-test PSD curves for the middle layers 
while the results of PSD analyses are summarised in Table 6.1. Criterion previously 
proposed by Kenney and Lau (1985) and that from Chapter 4 are used in tandem to 
characterise internal stability, i.e. no significant variations in the shape of the PSD curve 
for the middle layer and less than 4% of erosion with no changes in post-test 𝐶𝑢, 
respectively. The percentage of internal erosion is computed by discretising and 
comparing the pre and post-test PSDs of tested samples using Eq. 4.1 in Chapter 4. 
Accordingly, soil C10 is clearly characterised as stable because it showed negligible 
erosion and hence no variations in its pre and post-test PSD curves. Whereas soil U 
exhibited suffusion of its fines (up to 8.9% in static and 14.2% in cyclic tests) which 
resulted in larger variations in the shape of its post-test PSD curves and hence the 
corresponding 𝐶 𝑢 values; it therefore proved to be internally unstable. 
Soils C23 and C20 were deemed as internally stable under static conditions because they 
exhibited less than 4% internal erosion and relatively unaltered post-test PSD curves and 
𝐶 𝑢-values. However, soils C23 and C20 are characterised as unstable under cyclic 
loading because they showed more than 4% internal erosion with significant changes in 
their 𝐶 𝑢 (Table 6.1) and the shapes of post-test PSDs (Fig. 6.10). Figure 6.11 presents 
the variations in percentage erosion with specimen depths, where stable specimens C10 
and unstable specimens U show minimum and maximum erosion, respectively, and 
where specimens C23 and C20 are plotted between them. Under static conditions C10, 
C23, and C20 are plotted within the erosion stability boundary of 4% internal erosion, 
but erosion was almost doubled due to cyclic loading, so specimens C23 and C20 are 
plotted outside the stability boundary of 4% internal erosion (Fig. 6.11b). 
Figure 6.12 shows how the magnitude of static loading and cyclic frequency affects the 
extent of erosion from the middle layer of the samples, the overall sample, and the axial 
compression of the test specimens. During static tests, the percentage of erosion decreases 
due to an increasing magnitude of 𝜎𝑣𝑡
′ , but as discussed previously, cyclic  
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Figure 6.10 Pre- and post-test sieve analysis results for current soil specimens 
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Figure 6.11 Spatial distribution of fines resulted from seepage induced erosion (Layers 
1, 2 and 3 represent bottom, middle and top layers of specimen, respectively) 
 
loading has caused almost twice as much erosion as static loading, and erosion has 
increased even more as the loading frequency increased (Fig. 6.12). Under cyclic loading, 
the specimens exhibit almost 50% more settlement at the end of tests (i.e. axial 
compression) than under static loading, but ultimate compression remains generally 
insensitive to the magnitudes of 𝜎𝑣𝑡
′  and 𝑓. The erosion is insensitive to the cyclic 
frequency because of very high level of compaction (𝑅𝑑 > 95%) of current samples, as 
demonstrated by the test results of chapter-4. Nonetheless, Soil-U possessed significantly 
higher potential of erosion which escalated at higher frequencies due to a relatively 
weaker constriction network. The erosion of soil-U (> 10%) is not small enough to be 
neglected and therefore characterised soil U as internally unstable at all frequencies and 
levels of compaction. 
These results and the data from Chapter 4 are plotted in an erosion-settlement plot to 
further assess the effects of 𝜎𝑣𝑡
′  and 𝑓 on internal stability (Fig. 6.13), where the arrows 
describe the direction of increase in 𝑓 (intermittent lines) and 𝜎𝑣𝑡
′  (solid lines). Stable 
specimens C10 are plotted in no erosion zone-I (stable), C23-S and C20-S in limited 
erosion zone-II (marginally stable), C23-C, C20-C and U in unstable zone-III with a 
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proposed stability boundary of 4% erosion. Note that the increasing of the magnitude of 
𝜎𝑣𝑡
′   facilitates the specimens into a more stable regime towards the left, whereas 
increasing the cyclic loading frequency moves them to the right (i.e. a more unstable 
territory). Essentially, increasing the magnitude of 𝜎𝑣𝑡
′  under static loading tends to 
stabilise soils by reducing internal erosion (i.e. suffusion), whereas increasing the cyclic 
frequency 𝑓 tends to destabilise them by escalating the risk of premature suffusion. 
 
 
Figure 6.12 Correlations between effective stress magnitude and; (a) eroded fines from 
middle layer, (b) overall erosion, and (c) axial compression and correlations between 
cyclic frequency and (d) eroded fines from middle layer, (e) overall eroded fines, and (f) 
axial compression  
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Figure 6.13 Re-plotting and revisiting boundaries for internal stability zones previously 
proposed in Figure 4.7 with additional specific data obtained from advanced hydraulic 
testing under both static and cyclic loading conducted in this Chapter 6. 
 
6.7 Loading conditions and Types of Seepage Induced Failures 
 
Table 6.1 summarises the results of hydraulic tests, including the types of failures and 
amount of fines washed out of tested samples. Figure 6.14 presents various types of 
seepage induced failures (i.e. heave or suffusion) for select test results under static and 
cyclic loading. As Fig. 6.14a shows, sample C10 exhibits heave development in the 
bottom layer-12 at very large hydraulic gradients (i.e. 𝑖 𝑐𝑟,𝑖𝑗 and 𝑖 𝑐𝑟,𝑎) with negligible 
erosion from top layer-67 under cyclic loading compared to the rest (see Table 6.1). 
Samples C23 also develop heave under static loading at large magnitudes of 
𝑖 𝑐𝑟,𝑖𝑗 and 𝑖 𝑐𝑟,𝑎 with negligible erosion, but there is a marked erosion of fines at slightly 
lower hydraulic gradients under cyclic loading (Fig. 6.14b). Notably, erosion increases 
as the loading frequency is increased, e.g. 1.71% washout of fines is recorded for test 
C23-S-50, and that increases to 4.11% at 𝑓 = 5 Hz and ultimately to 4.76% at 30 Hz.  
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Figure 6.14 Illustration of seepage induced failures in; (a) internally stable C10-
S-50 and C10-C-30, (b) marginally stable C23-S-50 and C23-C-30, (c) marginally 
unstable C20-S-50 and C20-C-20 and (d) unstable samples U-S-50 and U-C-20 
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Figure 6.14c shows that samples C20 shows limited erosion under static conditions with 
no significant erosion of fines from its central layer, but when subjected to cyclic loading, 
samples C20 exhibits excessive erosion with the formation of visual pipes, leading to the 
development of large channels at the critical onset. Similarly, samples U show excessive 
washout of fines under static and cyclic conditions at relatively smaller hydraulic 
gradients compared to the remainder. 
 
In essence, under static and cyclic loading, the observed order of potential for internal 
erosion and hence the internal instability was: U > C20 > C23 > C10. Generally, internal 
erosion increased with the magnitude of loading frequency during cyclic tests, while 
internal erosion decreased with the increase of 𝜎𝑣𝑡
′  during the static tests, which is 
consistent with Skempton and Brogan’s (1994) recommendations and Terzaghi’s (1922) 
observations of loaded filters. 
6.8 Assessments of Potential Internal Instability 
Based on the current test results, specimens C10-S, C23-S, C20-S, and C10-C were 
characterised as stable, while the internally unstable specimens included U-S, C23-C, 
C20-C, and U-C (see Table 6.2). A total of 6 well-established static criteria, including 5 
based on PSD of soils (Kezdi 1979; Sherard 1979; Kenney and Lau 1985; Burenkova 
1993; Wan and Fell 2008), and one based on the CSD of soils (Chapter 4), were also 
commissioned to assess the potential of internal instability of the current specimens. 
Table 6.2 summarises the results of geometrical assessments and current observations. 
The criteria of Burenkova (1993) and Wan and Fell (2008) made 16 incorrect assessments 
each (i.e. all unsafe/ non-conservative), while those of Kezdi (1979), Sherard (1979), 
Kenney and Lau (1985), and Indraratna et al. (2015) yielded 8 incorrect predictions each 
(all unsafe). Notably, only 4 out of 6 existing criteria tested herein could correctly assess 
the potential of internal instability under static loading, while none could correctly assess 
that under cyclic conditions. 
Given that the stable coarse fraction (i.e. primary fabric) always remains intact, while the 
finer (secondary) fraction erodes during internal instability, the constriction network 
formed by the former governs the internal stability of soils. Significant physical 
disturbance such as agitation due to cyclic loading may cause variations in the CSD  
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Table 6.2 Geometrical assessment of internal instability potential for current test 
specimens (S = Stable, and U = Unstable) 
Test 
Series 
No. 
Sample 
ID 
Internal stability 
BU 
(1993) 
KL 
(1985) 
WF 
(2008) 
SH 
(1979) 
KZ 
(1979) 
CP- 
CSD 
OBS CM 
1 C10-S-0 S S S S S S S S 
2 C10-S-25 S S S S S S S S 
3 C10-S-50 S S S S S S S S 
4 C10-S-100 S S S S S S S S 
5 C23-S-0 S S S S S S S S 
6 C23-S-25 S S S S S S S S 
7 C23-S-50 S S S S S S S S 
8 C23-S-100 S S S S S S S S 
9 C20-S-0 S S S S S S S S 
10 C20-S-25 S S S S S S S S 
11 C20-S-50 S S S S S S S S 
12 C20-S-100 S S S S S S S S 
13 U-S-0 S* U S* U U U U U 
14 U-S-25 S* U S* U U U U U 
15 U-S-50 S* U S* U U U U U 
16 U-S-100 S* U S* U U U U U 
17 C10-C-5 S S S S S S S S 
18 C10-C-10 S S S S S S S S 
19 C10-C-20 S S S S S S S S 
20 C10-C-30 S S S S S S S S 
21 C23-C-5 S* S* S* S* S* S* U U 
22 C23-C-10 S* S* S* S* S* S* U U 
23 C23-C-20 S* S* S* S* S* S* U U 
24 C23-C-30 S* S* S* S* S* S* U U 
25 C20-C-5 S* S* S* S* S* S* U U 
26 C20-C-10 S* S* S* S* S* S* U U 
27 C20-C-20 S* S* S* S* S* S* U U 
28 C20-C-30 S* S* S* S* S* S* U U 
29 U-C-5 S* U S* U U U U U 
30 U-C-10 S* U S* U U U U U 
31 U-C-20 S* U S* U U U U U 
32 U-C-30 S* U S* U U U U U 
Note: (* ) Represents non-conservative (unsafe). BU, KL, WF, SH, KZ, CP-CSD, OBS, 
and CM represent Burenkova, Kenney & Lau, Wan & Fell, Sherard, Kezdi, combined 
particle & constriction size distribution, observed, and current method, respectively. 
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Table 6.3 Validation of currently proposed method with the additional published data 
(S= Stable, U = Unstable, and T = Transition) 
Test 
series 
No. 
Sample References 
f 
(Hz) 
 Internal stability assessments  
BU 
(1993) 
KL 
(1985) 
WF 
(2008) 
KZ 
(1979) 
SH 
(1979) 
CP-
CSD 
OBS CM 
33 C1 
Chapter 4 
0 S S S S S S S S 
34 C1 0 S S S S S S S S 
35 C1 5 S S S S S S S S 
36 C2 0 S S S S S S S S 
37 C2 0 S S S S S S S S 
38 C2 5 S S S S S S S S 
39 G 0 S* U S* U U U U U 
40 G 0 S* U S* U U U U U 
41 G 5 S* U S* U U U U U 
42 G 10 S* U S* U U U U U 
43 G 15 S* U S* U U U U U 
44 G 20 S* U S* U U U U U 
45 Ip-Ta 
Chung 
et al. 2012 
5 S S S U** U** S S S 
46 Ip-Tb 5 S S S U** U** S S S 
47 Ip-S 5 S S S U** U** S S S 
48 Ip-R 5 S S S U** U** S S S 
49 Ip-T 10 S S S U** U** S S S 
50 Ip-S 10 S S S U** U** S S S 
51 F-1 
Trani and 
Indraratna, 
2010 
5 S S S S S S S S 
52 F-2 5 S* S* S* S* S* S* U S* 
53 F-3 5 S S S S S S S S 
54 F-4 5 U S* S* S* S* U U U 
55 F-5 
Trani, 2009 
5 S* U S* S* S* U U U 
56 T-01 0 U** U** S U** U** S S S 
57 T-01 5 U U S* U U U U U 
58 T-02 0 S S S S S S S S 
59 T-02 5 S* S* S* S* S* U U U 
60 T-03 0 S S S S S S S S 
61 T-03 5 S S S S S S S S 
62 BS Alobaidi and 
Hoare,1998 
2 S S S S S S S S 
63 BS 0.5 S S S S S S S S 
64 C15(1) Kamruzzaman 
et al. 2008 
10 S S S S S S S S 
65 C15(2) 10 S S S U** S S S S 
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66 C15(3) 10 S* S* S* U U U U U 
67 C15(4) 10 S* U S* U U U U U 
68 C25 10 S* U S* U S* U U U 
69 C45 10 S* U T U U U U U 
70 H-12 
Haque et al. 
2004, 2007 and 
2008 
2 U** S S U** U** U** S S 
71 H-12 5 U** S S U** U** U** S U** 
72 H-12 10 U S* S* U U U U U 
73 H-12 15 U S* S* U U U U U 
74 F1 0.16 S S S S S S S S 
75 F2 0.16 S S S S S S S S 
76 B 0.16 S S S S S S S S 
77 BF1 1 S S S S S S S S 
78 BF1 5 S S S S S S S S 
79 BF1 10 S S S S S S S S 
80 BF1 13 S* S* S* S* S* S* U U 
81 BF2 1 S S S S S S S S 
82 BF2 5 S S S S S S S S 
83 BF2 10 S* S* S* S* S* S* U U 
84 KF 
Kabir et al. 
2006 
2 U** S S S S U** S S 
85 KF 10 U S* S* S* S* U U U 
86 KB 2 S* U S* U U U U U 
87 KB 10 S* U S* U U U U U 
Note: (* ) represents non-conservative (unsafe), (** ) represents conservative (safe) 
predictions, f is cyclic frequency in Hz, and (T) represents transition zone. BU, KL, WF, 
SH, KZ, CP-CSD, OBS, and CM represent Burenkova, Kenney & Lau, Wan & Fell, 
Sherard, Kezdi, combined particle & constriction size distribution, observed, and current 
method, respectively. 
 
network of stable fabric (Xiao et al. 2006), although it is well-established that the CSD 
can only vary between the loosest and densest constriction sizes (Locke et al. 2001; 
Indraratna et al. 2007). The CP-CSD approach presented in Chapter 4 could capture 
variations in the CSD of stable fabric by showing almost 99% success in assessing the 
internal stability of a large dataset (95 results) compared to the remainder, so the CP- 
CSD method is extended to capture the effects of cyclic loading, as described in the 
following section. 
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6.9 Proposed Criterion for Cyclic Loading Conditions and Validation 
 
To assess the potential of granular soils for internal instability under cyclic loading at 𝑓 >
5 Hz, it is proposed to use the loosest controlling constriction size 𝐷𝑐35
𝑐𝑙 , i.e. 
corresponding to 𝑅𝑑 = 0%, when applying the CP-CSD method: 
𝐷𝑐35
𝑐𝑙 𝑑85,𝑆𝐴
𝑓
⁄ ≤ 1         (6.2) 
where 𝑑85,𝑆𝐴
𝑓
 is the particle size at the 85th percentile finer by surface area for the finer 
fraction. For soils to suffer from suffusion, the geometrical criterion, i.e. eroding particle 
< constriction size (Chapter 4) and hydro-mechanical criterion, i.e. critical hydraulic 
gradient at minimum effective stress (Chapter 5) should meet simultaneously (Skempton 
and Brogan 1994; Moffat and Fannin 2011). Notably, very large hydraulic gradients 
accompanied by cyclic loading were applied in the current hydraulic tests to simulate the 
worst possible hydro-mechanical scenarios, and this resulted in excessive erosion from 
specimens C23-C, C20-C and U-C (i.e. hydro-mechanical requirement for suffusion 
meets). To determine whether or not the above geometrical requirement met when 
instability occurred, the proposed criterion (Eq. 6.2) was applied to the current tests and 
the corresponding results are summarised in Table 6.2. The assessments based on Eq. 6.2 
agreed completely with the experimental observations of this study. 
 
To instil further confidence in the proposed method, a large published dataset from 
current and past filtration studies under cyclic conditions was also considered. This 
dataset included 12 results from Chapters 5, 6 from Chung et al. (2012), 4 from Trani and 
Indraratna (2010), 7 from Trani (2009), 2 from Alobaidi and Hoare (1998), 6 from 
Kamruzzaman et al. (2008), 14 from Haque et al. (2004, 2007 and 2008), and 4 from 
Kabir et al. (2006). Now a total of 7 geometrical criteria, including the 6 criteria 
mentioned previously and the one proposed here, were used to assess the internal stability 
of the above dataset plus current results (total 87 experimental results). 
Table 6.3 shows the results of assessing all 7 criteria; here Burenkova (1993) yielded 21 
incorrect predictions (17 unsafe and 4 conservative), Kenney and Lau (1985) gave 10 
incorrect (9 unsafe and 1 safe/ conservative), Wan and Fell (2008) obtained 22 incorrect 
(all unsafe), Kezdi (1979) resulted 17 incorrect (7 unsafe and 10 safe), Sherard (1979) 
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made 17 incorrect (8 unsafe and 9 safe), and the CP-CSD of Indraratna et al. (2015) 
yielded 6 incorrect assessments (3 unsafe and 3 safe). Interestingly, the current method 
made only 2 incorrect predictions, including 1 conservative (i.e. safe) and 1 unsafe, i.e. 
for test No. 71 and No. 52, respectively (see Table 6.3). These discrepancies could be 
attributed to the severity of the hydro-mechanical factors, which may or may not allow 
internal instability to commence. 
 
  
Figure 6.15 Correlations for average critical hydraulic gradients versus; (a) initial mean 
effective stress and (b) mean effective stress at the onset of instability. 
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This proposed method can be used for prompt and efficient selection of safer filters that 
will perform in railway substructures under severe cyclic loading induced by high speed 
trains. Given that the proposed criterion assumes 𝑅 𝑑 = 0 (under cyclic loading at f > 5 
Hz), and only requires the PSD of soil to be evaluated for potential internal instability, it 
can easily be combined with the existing filter design criteria for enhanced reliability, e.g. 
NRCS, 1994; ICOLD 1994; Indraratna et al. 2007; Raut and Indraratna 2008; Trani  
 
Figure 6.16 Correlations between local effective stresses and critical hydraulic 
gradients; (a) Chapter 6 and (b) Chapter 5 
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and Indraratna 2010 etc, as demonstrated in the latter part of Chapter 8. Notably, the 
natural subgrades such as broadly and gap-graded dispersive silty soils tend to suffer from 
suffusion which may become excessive under cyclic conditions, as indicated by the 
current test results of soil U. A timely assessment of potential instability could allow for 
a possible regrading of base soil before selecting an effective protecting filter.  
6.10 Correlations between Effective Stresses and Hydraulic Gradients 
Figure 6.15a shows the correlations between initial mean effective stresses 𝜎𝑚𝑣,𝑎𝑜
′  and 
the average critical hydraulic gradient 𝑖 𝑐𝑟,𝑎 governing the inception (i.e. onset) of 
instability for current results under static and cyclic loading, where no unique 
relationships are observed. Figure 6.15b shows the relationships between initial mean 
effective stresses 𝜎𝑚𝑣,𝑎𝑖
′  and 𝑖 𝑐𝑟,𝑎, where the scatter of data once again does not follow 
any unique relationships. In Fig. 6.16a the local critical hydraulic gradients 𝑖 𝑐𝑟,𝑖𝑗 are 
plotted against the local mean effective stresses 𝜎𝑚𝑣,𝑖𝑗
′  and well-defined hydro-
mechanical envelopes are obtained. These critical envelopes were unique for each current 
test specimen (i.e. C10, C23, C20, and U), and are independent of loading conditions 
(static and cyclic). Figure 6.16b illustrates the unique critical envelopes for the data 
obtained from Chapter 5 (i.e. C1, C2, and G), and given that each test specimen follows 
a unique critical envelope at a specific inclination, these envelopes and associated slopes 
may possibly vary with geometrical constraints such as erodible particle sizes and CSD 
formed by the non-erodible coarser fraction. The type and magnitude of loading (i.e. 
static or cyclic) and the cyclic loading frequency beyond 30 Hz may also affect these 
correlations and therefore require further investigations. 
6.11 Chapter Summary 
Results from a series of hydraulic tests on 4 compacted soils from Chapter 4 under static 
and cyclic conditions were presented, from which the following observations were made: 
Filtration under cyclic loading is different and more complex than under static conditions 
because an abrupt initial compression due to cyclic load causes a significant reduction in 
permeability, while agitation and the transient pore pressure due to cyclic loading triggers 
premature suffusion at higher frequencies. In fact these results indicate that while effluent 
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turbidity from the stable specimens remained less than 60 NTU in static tests, it could 
easily exceed 200 NTU under cyclic loading. 
A non-uniform soil consists of a stable primary (coarse) fraction and an erodible 
secondary (fine) fraction. Internal instability occurs when the specific geometrical 
criterion (i.e. controlling constriction size of primary fraction > representative size of 
finer fraction) meets adverse hydro-mechanical conditions with severe agitation 
(vibrations) which is usually characterised by an excessive hydraulic gradient (𝑖 𝑐𝑟) and 
a markedly reduced effective stress, as demonstrated here. Increasing the magnitude of 
static loading (𝜎𝑣
′ ≥ 25 kPa) stabilised the test specimen by reducing internal erosion, 
whereas under cyclic conditions, excessive and premature suffusion occurred when the 
loading frequency increased beyond 5 Hz. 
 
The existing (static) approaches for assessing internal stability proved to be unreliable 
when applied to soils subjected to cyclic conditions because agitation alters the 
constriction network of stable coarse particles; hence constrictions fluctuate between the 
densest and loosest states, thereby allowing the suffusion to occur. In filtration design, 
the revised CSD approach incorporating cyclic effects is more realistic for the design and 
performance of filters and drainage layers installed in high speed rail substructure.  
Analysis of a large dataset including 87 cyclic test results demonstrated that the loosest 
controlling constriction size must be considered in the CP-CSD criterion (Chapter 4) 
when assessing the potential of internal instability of soils subjected to cyclic loading at 
𝑓 ≥ 5 Hz. Compared to six existing internal stability criteria (static) which deviated from 
reliability under cyclic conditions, the revised CSD approach was almost 97% successful 
at assessing internal stability. This criterion for cyclic conditions is appropriate because 
the initial relative density is not needed, only the loosest controlling constriction size at 
𝑅 𝑑 = 0% is required. Moreover, it may be coupled with the existing filter criteria to 
evaluate the static filtration conditions more reliably under a given effective stress level. 
In this study, the cyclic loading frequency varied from 5 to 30 Hz. While at low 
frequencies, the CP-CSD approach of Chapter 4 may still be used with some caution, at 
high cyclic frequencies approaching 30 Hz or more, the revised CSD criterion proposed 
in this chapter should be more appealing to practitioners. 
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CHAPTER SEVEN 
THEORETICAL MODEL FOR 
INTERNAL INSTABILITY AND 
VALIDATION 
 
 
 
 
 
 
 
 
7.1 Introduction 
The choice of which granular filter to use depends on whether they will fulfil two basic 
but contrary requirements; better permeability and complete retention, but with some 
limited initial base soil erosion to allow for self-filtering to occur (Locke et al. 2001). 
Having a uniform base and filter gradations could probably fulfil these requirements, 
although they may exhibit heave or piping at hydraulic gradients 𝑖𝑐𝑟  ≈ 𝑖𝑐𝑟,𝑡ℎ ≈ 1 
(Terzaghi 1939), and their magnitude could be increased by loading the filters (Skempton 
and Brogan, 1994). However, uniform soils are not as abundant as non-uniform soils 
which make their occasional use as embankment dam filters an obvious economical 
choice (Li and Fannin 2012). These filters may have an inherent tendency for their finer 
fractions to erode at 𝑖𝑐𝑟 ≪ 1 (see Chapter 4), so they are called internally unstable. 
Although existing criteria may distinguish between internally unstable and stable soils 
with some degree of accuracy, determining 𝑖𝑐𝑟 for instability requires hydraulic tests 
where the effects of inter-particle and boundary friction, stress reduction in finer 
fractions, and levels of compaction collectively control the 𝑖𝑐𝑟-values. 
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Figure 7.1 Variations of stress reduction factor and stability index 
 
An internally unstable soil suffers from suffusion or segregation piping at 𝑖𝑐𝑟 =
(1 3⁄ − 1 4⁄  ) × 𝑖𝑐𝑟,𝑡ℎ, while a stable soil develops heave or piping at 𝑖𝑐𝑟 ≈ 𝑖𝑐𝑟,𝑡ℎ 
(Skempton and Brogan, 1994). As reported in Chapter 4, some current stable soils 
developed heave at 𝑖𝑐𝑟 ≥ 𝑖𝑐𝑟,𝑡ℎ, whereas unstable soils experienced suffusion at 𝑖𝑐𝑟 <
𝑖𝑐𝑟,𝑡ℎ. Nevertheless, the unstable specimens became internally stable due to an increase 
in 𝑅𝑑, and developed heave at 𝑖𝑐𝑟 ≈ 𝑖𝑐𝑟,𝑡ℎ. Since boundary friction reduces the effective 
stress in soils, the mean of the top and bottom normal effective stresses were used to test 
an empirical correlation governing the onset of instability in broadly-graded soils. The 
effective stress in soils varies due to a combination of seepage and boundary friction 
(Tanaka and Toyokuni, 1991), although the latter alone could reportedly cause more than 
30% initial reduction in stress under hydrostatic conditions (𝑖𝑎 = 0), depending on the 
wall-particle frictional characteristics of the cell (Moffat et al. 2011). This reduction in 
stress can also develop at the onset of instability, e.g. heave in stable and suffusion in 
internally unstable soils. 
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Fine particles in a non-uniform soil usually take a lesser proportion of external stresses 
than its coarse particles due to their relative sizes and proportions in the mix, a 
phenomenon known as stress reduction (Skempton and Brogan 1994). The stress 
reduction factor α (= icr,exp/icr,th,) tends to be 1 for stable soils, where all the particles share 
in transferring stresses, and where icr,exp
 and icr,th, define the observed and Terzaghi’s 
critical hydraulic gradients, respectively. Nevertheless, its value decreases as the fraction 
of erodible fines in a soil increases, and where loose fines reduce their share of load 
transfer and changes in a sustainable volume, i.e. the soil volume able to be sustained at 
a given loading rate. Based on experimental data, Skempton and Brogan (1994) 
correlated α with (H/F)min of Kenney and Lau (1985) with a linear relationship, while 
Shire et al. (2014) proposed a quadratic relationship between α and a mechanical 
coordination number. Nevertheless, a clear division between erodible and non-erodible 
particles, and the Rd of soil are critical factors in delineating the exact values of α. The 
erodible fraction in borderline stable soils varies with their Rd and the hydraulic 
conditions. Figure 7.1 presents the variations of α with the internal stability index (Rf) for 
experimental data of Chapter 4, where internally stable uniform soils with Rf  ≤ 0.7 
possess α ≈ 1, while unstable soils with Rf > 0.7 possess α < 0.7. 
7.2 Mechanisms of Seepage Induced Failures in Stable and Unstable Soils 
Figure 7.2 shows the mechanisms of seepage failures in the stable and unstable soils 
observed in this study. For the case shown in Fig. 7.2a, heave develops in internally stable 
soils at very small levels of effective stress and larger hydraulic gradients, and it may be 
accompanied with some limited internal erosion which is too small to induce any 
permanent changes to their PSD curves (Fig. 7.2b). The inter-particle friction due to 
mechanical contact between the particles of a stable soil is higher than the boundary 
friction offered by the walls of a permeameter when the specimen is lifted by seepage 
during heave (Fig. 7.2c). Here the hydrodynamic and seepage forces neutralise boundary 
friction well before the inter-particle contacts are lost, thereby resulting in the 
development of heave, as was also observed in previous works by Moffat et al. (2011) 
and Tanaka and Toyokuni (1991). In contrast, the internally unstable soils exhibit 
suffusion at relatively smaller hydraulic gradients that alters the shapes of their PSD 
curves (Fig. 7.2d). The erodible particles of an unstable soil do not make mechanically  
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Figure 7.2 Illustration of seepage induced failures in granular soils (Note: Here, 𝜎𝑏, 𝜎𝑑, 
𝜎ℎ, 𝜎𝑠, , 𝜏𝑓 , 𝛾𝑤, ∆𝑦, 𝜎′𝑣𝑡 and 𝑖𝑎 define the buoyancy, drag, hydrodynamic stress, seepage 
stress, shear stress, unit weight of water, thickness of soil layer, vertical effective stress 
and applied hydraulic gradient, respectively). 
 
active contacts with the stable load carrying network of coarse particles (Shire et al. 2014; 
Langroudi et al. 2013). Hence, inter-particle contact friction at the onset of erosion is less 
than the boundary friction that enables individual fine particles to erode well before the 
whole specimen is lifted up due to heave (Fig. 7.2e). Once the geometrical criterion is met 
(i.e. erodible particle < controlling constriction), the hydromechanical criterion for 
suffusion to occur requires the drag forces to dislodge the fines from the pores to initiate 
erosion before the seepage and hydrodynamic forces can lift the whole sample (i.e. heave). 
Figures 7.3a and 7.3b show the analysis of the seepage induced reduction in stress in the 
finer fraction of the internally stable sample C10 and the unstable sample U, respectively. 
The buoyancy (𝜎𝑏), drag (𝜎𝑑), and hydro-dynamic (𝜎ℎ) stresses are computed using the 
mathematical expressions shown in Fig. 7.3 (after Batchelor 1967). Notably, the drag  
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Figure 7.3 Seepage induced effective stress reduction analysis for C10 and U; (a) 
development of heave in Test-4 and (b) development of suffusion in Test-16 of Table 6.1 
(Note: Here, 𝐶𝑑 (0.47  for 𝑅𝑛 ≥ 10
6), 𝜌𝑤 , 𝛾𝑤, 𝑣, 𝐷, ∆𝑦, 𝑅𝑛, 𝜎′𝑖𝑗, and 𝑖𝑖𝑗 define the drag 
coefficient density of water, unit weight of water, velocity of flow, cell diameter, soil 
layer thickness, Reynold’s number, local mean effective stress in the soil layer, and local 
hydraulic gradient in the soil layer, respectively). 
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force is induced by the flow velocity 𝑣𝑓 and its interaction with individual soil particles 
depending upon their sizes, while the hydrodynamic force is caused by the hydraulic 
gradient 𝑖 in a controlled soil volume (Indraratna and Radampola 2002). Nonetheless, the 
𝑖 and 𝑣𝑓 may be interdependent when the flow is laminar (Darcy 1856), whereas the 
current internal erosion tests were performed at very large 𝑖 and 𝑣𝑓 to induce internal 
instability as shown by the flow curves in Figures 4.2, 5.8, 6.1 and 6.2 where both entities 
are independent to each and other. During heave in sample C10, the seepage stress is 
higher than the effective stress carried by the particles, i.e. ((𝜎ℎ + 𝜎𝑏) >  𝛼𝜎𝑖𝑗
′ ), whereas 
the drag on fine particles evolving from internal head losses is still very small (Fig. 7.3a). 
In contrast, Fig. 7.3b shows that drag is greater than the effective stress carried by the 
fine particles of U when erosion begins (𝜎𝑑 > 𝛼𝜎𝑖𝑗
′  in fine particles), whereas the 
associated 𝜎ℎ and 𝜎𝑏 are still smaller. 
7.3 Theoretical Hydro-mechanical Model Development 
 
A representative volume of granular soil (∆𝑥 × ∆𝑦 × ∆𝑧) subjected to seepage flow under 
an applied hydraulic gradient 𝑖 is idealised in Fig. 7.4, where 
𝜎𝑠𝑒𝑒𝑝𝑎𝑔𝑒, 𝜎′𝑣𝑡, 𝜎′𝑐𝑜, ∆𝑥, ∆𝑦 and ∆𝑧 define seepage stress, vertical effective stress, mean 
effective confining stress, unit length, width and height of soil volume, respectively. The 
equilibrium inside this controlled volume requires balance between the disturbing and 
stabilising forces: 
𝑖. 𝛾𝑤. ∆𝑥. ∆𝑦. ∆𝑧 = (𝜎𝑐0
′ . ∆𝑥. ∆𝑧) × 𝑁𝑔     (7.1) 
In this expression the geometric factor 𝑁𝑔 represents the ability of the soil matrix to 
transfer stress, depending on its particle size distribution, level of compaction, and 
frictional characteristics. The value of 𝑁𝑔 tends to be unity for internally stable soils, but 
it is expected to be smaller for internally unstable soils (Skempton and Brogan 1994). 
The critical hydraulic gradient (𝑖𝑐𝑟,0) observed in a laboratory hydraulic test is an 
acceptable estimate of 𝑁𝑔 that may be given as a combined function of 𝛼, the frictional 
resistance, and 𝑖𝑐0 obtained from the theory of Terzaghi (1939). Considering that the 
critical hydraulic gradient increased proportionally with the magnitude of external  
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Figure 7.4 An idealized soil volume under hydrodynamic condition i.e. seepage flow 
under externally applied mechanical loading. 
 
loading (see Chapters 5 and 6), the additional effects of external loading on a critical 
hydraulic gradient can be quantified by the following expression: 
𝑖𝑐𝑟,𝑝 = 𝜎𝑐0
′ × 𝑖𝑐𝑟,0 𝛾𝑤 . ∆𝑦⁄        (7.2) 
Now the final expression for the critical hydraulic gradient (𝑖𝑐𝑟) of a saturated granular 
soil under an externally applied mechanical load can be given as a sum of 𝑖𝑐𝑟,0 (i.e. a 
laboratory critical hydraulic gradient under no load) and 𝑖𝑐𝑟,𝑝 (under loading): 
𝑖𝑐𝑟 = 𝑖𝑐𝑟,0 [1 +
𝜎𝑐0
′
𝛾𝑤.∆𝑦
]        (7.3) 
The magnitude of mean effective confining stress (𝜎𝑐0
′ = 𝜎𝑚𝑣
′ (1 + 2𝐾0) 3⁄ ) varies with 
the top and bottom normal effective stresses due to boundary friction along the direction 
of flow and seepage stresses (Fig. 7.4), and where 𝐾0 = (1 − tan∅′) is the coefficient of 
earth pressure at rest and for 1-D flow, i.e., a hydraulic test in a rigid wall permeameter 
means the value of 𝐾0 = 1 can be used. Therefore, instead of only the normal effective 
stress (𝜎𝑣𝑡
′ ), the arithmetic mean of top and bottom effective stresses on the soil layer 
(𝜎𝑚𝑣
′ = 0.5 × (𝜎′𝑣𝑡 + 𝜎′𝑣𝑏)) should be used to obtain 𝜎𝑐0
′ -value. 
𝑖𝑐𝑟 = 𝑖𝑐𝑟,0 [1 +
𝜎𝑚𝑣
′
𝛾𝑤.∆𝑦
]        (7.4) 
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7.3.1 Laboratory Critical Hydraulic Gradient for the Instability of Soils 
Based on the experimental results, the expression for the critical hydraulic gradient 
governing instability in soils (self-weight only) with boundary effects can be given by: 
𝑖𝑐𝑟,0 = 𝛼 × (𝐺𝑠 − 1 1 + 𝑒⁄ ) + 𝑖𝑖,𝑓      (7.5)  
where 𝐺𝑠, 𝑒, 𝑖𝑖,𝑓 and 𝛼 define the specific gravity, void ratio, an additional hydraulic 
gradient due to friction and the stress reduction factor, i.e. function of PSD and 𝑅𝑑 of 
soil. At the onset of instability, frictional resistance stems from the boundary (soil-wall 
interaction) and inter-particle contacts in internally stable and unstable soils, respectively, 
before the drag forces could eventually neutralise the gravitational forces. This requires 
an additional hydraulic gradient (𝑖𝑖,𝑓) to initiate the erosion of finer particles or 
development of heave, depending on the potential stability of soils. For instance, at the 
onset of heave in a stable soil, inter-particle friction due to active mechanical contact 
(Langroudi et al. 2013), and hence the corresponding hydraulic gradient (𝑖𝑝𝑓), would be 
higher than the wall-particle friction (hence, 𝑖𝑐𝑓). As illustrated before in Fig. 7.3, 
hydrodynamic forces neutralise the wall-particle frictional resistance well before the 
inter-particle contacts (𝑖𝑐𝑓 ≪ 𝑖𝑝𝑓) are completely lost, thus resulting in the development 
of heave. Hence 𝑖𝑐𝑓 should be used in Eq. (7.5) when determining the magnitude of 𝑖𝑐𝑟 
that governs the onset of heave: 
𝑖𝑐𝑟,0 = 𝛼 × (𝐺𝑠 − 1 1 + 𝑒⁄ ) + 𝑖𝑐𝑓      (7.6) 
In contrast, unstable soils (e.g. broadly and gap-graded) may contain significant amounts 
of fines that have almost no active mechanical contact with the stable coarse fabric; 
instead, they stick to the surfaces of coarse particles within the pores and constrictions 
due to their small surface areas. The resulting magnitude of contact area and subsequent 
contact friction between fine and coarse particles is much smaller than the boundary 
friction. As explained in the next section, given a clear division between coarser (non-
erodible) and finer (erodible) fractions on PSD curve 𝑖𝑝𝑓 that should replace 𝑖𝑖,𝑓 in Eq. 
7.5 for internally unstable soils can be determined by: 
𝑖𝑐𝑟,0 = 𝛼 × (𝐺𝑠 − 1 1 + 𝑒⁄ ) + 𝑖𝑝𝑓      (7.7) 
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Note that 𝑖𝑐𝑓 is a conservative estimate that only exists in laboratory filtration tests 
because the specimen is confined inside a test chamber, whereas in practice there is only 
particle-particle contacts, e.g. finer-coarser and coarser-coarser particles and the 
magnitude of 𝑖𝑝𝑓 are expectedly higher than 𝑖𝑐𝑓. 
7.4 Determination of Model Parameters 
7.4.1 Stress Reduction Factor 𝜶 
Stress reduction occurs when the constrictions formed by coarser fabric do not retain the 
representative particle sizes of the finer fraction, thus eliminating the possibility of self-
filtering. In other words the fine particles are too small to make a mechanically active 
contact (i.e. load-transferring) with the coarse particles constituting the stable constriction 
network (Shire et al. 2014; Langroudi et al. 2013). The magnitude of α (= σ′f σ′t⁄ ) varies 
with the relative sizes and proportions of the coarser and finer particles, where σ′f and σ′t 
define the effective stresses in the finer fraction and whole sample, respectively. For 
instance, with uniform soils (e.g. internally stable), the value of α is unity and in most 
broadly and gap-graded soils (e.g. internally unstable and marginally stable) is less than 
one. The retention ratio 𝑅𝑓(= 𝐷𝑐35
𝑐 /𝐷85,𝑆𝐴
𝑓
) is an acceptable measure of demarcation 
between stable and erodible soil fabrics. In this study the following empirical correlation 
that correlates α and 𝑅𝑓 is used based on the data obtained from Chapter 4: 
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where 𝑅2 is the correlation coefficient at 95% confidence level. The value of α = 0.7 
at 𝐷𝑐35
𝑐 ≈ 𝐷85,𝑆𝐴
𝑓
 indicates that only up to 70% fines (size <  𝐷100,𝑆𝐴
𝑓
) of the soil 
participate in the transfer of sustainable stress, the remainder is retained by self-filtrating. 
These retained fines can still possess the potential for erosion; (1) under increased 
hydraulic pressure (e.g. Chapter 4), (2) due to CSD variations by agitation due to cyclic 
loading and vibrations (e.g. see Chapters 5 and 6; Xiao et al. 2006), or (3) due to the 
simultaneous effects of both (Kenney and Lau, 1985). 
Chapter 7 Theoretical model for internal instability and validation 168 
 
 
Figure 7.5 Illustration of (a) micro-mechanical interaction between eroding and non-
eroding soil particles at micro level, (b) discretization of soil layer for solving Eq. 7.16, 
and (c) limit equilibrium of external and internal stresses in a discretised soil layer. 
 
7.4.2 Inter-Particle Contact Friction 𝒊𝒑𝒇 
Inter-particle contact friction arises from the shape, contact, cohesion, arrangement, 
packing density, and the size of contacting particles, which are conservatively assumed 
in this current study to be spherical and in non-cohesive. The effective confining stress 
acting on the volume of soil is a function of the top and bottom normal effective stresses 
(0 and 𝛾′ℎ𝑓, respectively) and the soil’s angle of internal friction (∅
′). For 𝐾0 = 1, using 
𝜎′𝑐0 = 𝜎𝑚𝑣
′ = 0.5𝛾′ℎ𝑓 and considering the case of two contacting non-rigid and smooth 
spheres A and B with radii 𝑟𝑎 and 𝑟𝑏, respectively (Fig. 7.5), for which the contact area 
A
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B
A
(a)
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is expressed by an imaginary circle with radius 𝑟𝑐 = (
1
𝑟𝑎
+
1
𝑟𝑏
)
−1
, and by 
assuming 𝜎(𝑟𝑖) = 𝜎′𝑐0, normal force at the contact is given by: 
𝐹𝑁 = 2𝜋 ∫ 𝜎(𝑟𝑖)𝑟𝑖. 𝑑𝑟𝑖
𝑟𝑒
0
= 𝜋𝑟𝑒
2𝛾′ℎ𝑓 3⁄      (7.9) 
where 𝑟𝑐 should be ≤ 𝑟𝑒(= [3𝑟𝑐𝐹𝑁 2𝐸𝑐⁄ ]
1
3⁄ ), i.e. maximum permissible linear elastic 
contact radius (Hertz, 1882) with 𝐸𝑐 = 2. [
1−𝑣𝑎
2
𝐸𝑎
+
1−𝑣𝑏
2
𝐸𝑏
]
−1
and the value of 𝑟𝑐 should 
simultaneously satisfy the expressions for 𝑟𝑒 and 𝐹𝑁. Assuming 𝑟𝑐 < 𝑟𝑒 for saturated 
granular soil, the contact friction between two spheres may then be expressed as a 
function of 𝐹𝑁 and ∅
′-values, for which the limit equilibrium between the frictional and 
the hydrodynamic forces (i.e. 𝐹𝑠 = 𝐹ℎ) is given by: 
2𝜋
3
𝑟𝑐
2 tan∅′ 𝛾′ℎ𝑓 2⁄ =
𝜋
4
𝛾𝑤𝑑𝑏
2𝛿𝑦 𝑖      (7.10) 
Thus the additional hydraulic gradient by virtue of inter-particle friction is as follows: 
𝑖𝑝𝑓 = [
1
3
× (
𝑑𝑎+𝑑𝑏
𝑑𝑎.𝑑𝑏
)
2 tan∅′
𝛾𝑤𝑑2𝛿𝑦
× 𝛾′ℎ𝑓]      (7.11) 
where 𝑑𝑎, 𝑑𝑏 and 𝛿𝑦 define the representative particle sizes for the coarser fraction, the 
finer fraction, and the length of an elemental pore channel 𝐷50
𝑐  (Locke et al. 2001), 
respectively. 
7.4.3 Cell Wall-Particle Contact Friction 𝒊𝒄𝒇 
The particles of an internally stable soil constitute primary fabric govern the changes in 
volume due to externally applied loads such that the soil sample behaves like a column 
or a pile (Tanaka and Toyokuni 1991) where a soil column of thickness ℎ𝑓 and cross 
sectional area 𝐴𝑓 is considered under a surcharge pressure 𝑞𝑠 and seepage force caused 
by a hydraulic gradient 𝑖 (Fig. 7.5). If 𝑄𝑓, 𝑄𝑏 and 𝐹𝑠𝑝 define the skin friction along the 
cell walls, the total load at the base of this idealised soil layer under drained conditions 
and a seepage force the balance of forces at the onset of heave will read: 
𝐹𝑠𝑝 = 𝑄𝑏 + 𝑄𝑓         (7.12) 
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𝑖. 𝛾𝑤ℎ𝑓𝐴𝑓 = 𝜎′𝑣𝑡𝐴𝑓 + ∑ 𝑞𝑖
𝑖=𝑛
𝑖=1 𝐴𝑠𝑖       (7.13) 
𝑖𝑐𝑟,𝑝 = [
0.5𝛾𝑠
′ℎ𝑓
𝛾𝑤ℎ𝑓
+
∑ 𝑞𝑖
𝑖=𝑛
𝑖=1 𝐴𝑠𝑖
𝛾𝑤ℎ𝑓𝐴𝑓
]        (7.14) 
where 𝑞𝑖 and 𝑖𝑐𝑟,𝑝 define skin friction to the soil movement and critical hydraulic gradient 
for heave. Eq. 7.14 has two components, i.e. (i) the effect of 𝜎′𝑣𝑡 that would be neutralised 
by the buoyancy at the onset of heave, and (ii) the effect of skin friction due to wall-
particle contact. At the onset of heave, eliminating the term including 𝜎′𝑣𝑡: 
𝑖𝑐𝑓 = [
2∑ [𝐾0𝑙𝑖(0.5𝛾𝑠𝑖
′ℎ𝑓𝑖)𝜇𝑓]
𝑖=𝑛
𝑖=1
𝜋𝛾𝑤ℎ𝑓𝐷
2
]       (7.15) 
where  𝜇𝑓 , 𝛾𝑠𝑖
′ , 𝐴𝑠𝑖 and 𝐷 are the skin friction coefficient, soil density, circumferential 
area, and the diameter of soil layer, respectively. The 𝜇𝑓 may be obtained from the friction 
tests of chapter 5 or may be assumed as some fraction of ∅′ (Tanaka and Toyokuni 1991). 
 
 
Figure 7.6 Soil gradations of test results adopted for validation of no-surcharge model 
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7.4.4 Mean Vertical Effective Stress in a Soil Layer 𝝈′𝒗𝒎 
As described in Chapter 6, the magnitude of normal effective stress in a layer of soil 
varies due to the combined effects of boundary friction and seepage that are governed by 
the following differential equation (i.e. same as Eq. 6.1 in Chapter 6): 
mvfwiiy
'''         (7.16) 
7.5 Model Validation and Discussion 
Based on the current experimental data and that adopted from literature, the proposed 
model (Eq. 7.4) is validated into two distinct parts; namely (1) the critical hydraulic 
gradient for soils under their self-weight and without external loading, i.e. 𝜎𝑣𝑡
′ = 0 and, 
(2) critical hydraulic gradient for soils under external loads (both static and cyclic), 
i.e. 𝜎𝑣𝑡
′ > 0. The results and discussion of the model validation are presented as follows: 
7.5.1 Critical hydraulic gradient for soils under self-weight (𝝈𝒗𝒕
′ = 𝟎) 
Table 7.1 shows the experimental data adopted for validation with the related references, 
where specimen identities (ID), relative densities (𝑅 𝑑), uniformity coefficients (𝐶 𝑢), 
effective unit weights (𝛾𝑠
′), model parameters (𝛼 and 𝜇𝑓), experimentally observed 
(𝑖 𝑐𝑟,𝑎), and the computed (𝑖 𝑐𝑟,0 from Eq. 7.5) critical hydraulic gradients are tabulated. 
The PSD curves of test samples adopted for validation are given in Fig. 7.6. 
Note that the data adopted from Skempton and Brogan (1994) and Tanaka and Toyokuni 
(1991) do not provide all the specific model parameters and soil properties, for which 
suitable values were assumed in this current study. For example, the values for ∅′ and 𝜇𝑓 
were assumed to be 300 and 0.12 (= tan∅′ 2.5⁄ , i.e. twice as much as that obtained from 
the experiments in Chapter 4), respectively. Following the procedures described in 
Chapter 5, additional direct shear tests (ASTM D3080) on soils, and coefficient of friction 
tests (ASTM D1894) on perspex sheets over granular beds were carried out to verify 
these values (Table 7.1). The hydraulic tests reported in Chapter 4 were carried out in a 
perspex cell with teflon coated walls that offered the least boundary friction; the resulting 
𝜇𝑓-values were very small (i.e. between 0.04 and 0.06). 
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Table 7.1 Data for validation with physical soil properties and model parameters 
Sample 
ID 
𝐶 𝑢 𝑅 𝑑 
Model parameters 
Internal 
Stability 
𝑖 𝑐𝑟,𝑎 
 
𝑖 𝑐𝑟,𝑡ℎ 
(Terzaghi 
1939) 
Reference 
𝛼 𝛾𝑠
′ 𝜇𝑓 
C1-R5 1.2 6.6 1 9.2 0.042 S 1.07 0.97 
Chapter 4 
C1-R50 1.2 52 1 10.1 0.042 S 1.18 1.07 
C1-R95 1.2 94 1 11.1 0.042 S 1.29 1.18 
C1-R95 1.5 95 1 11.9 0.045 S 1.33 1.21 
C5-R5 5 7 0.77 9.1 0.051 S 1 0.94 
C5-R50 5 52 0.93 10 0.051 S 1.05 1.03 
C5-R95 5 93 1 11 0.051 S 1.1 1.13 
C10-R5 10 6 0.86 9 0.054 S 0.9 0.93 
C10-R50 10 47 0.98 10 0.054 S 1 1.01 
C10-R95 10 93 1 10.5 0.054 S 1.05 1.12 
C20-R5 20 6 0.44 11.2 0.06 U 0.45 0.92 
C20-R50 20 51 0.65 9.1 0.06 U 0.56 1.02 
C20-R70 20 71 0.77 10 0.06 S 0.9 1.07 
C20-R95 20 96 0.91 11.2 0.06 S 0.98 1.14 
C23-R5 23 7 0.59 9.1 0.064 U 0.62 0.93 
C23-R30 23 32 0.74 9.6 0.064 S 0.79 0.98 
C23-R60 23 63 0.86 10.3 0.064 S 0.94 1.05 
C23-R95 23 94 0.98 11.1 0.064 S 1.03 1.13 
C40-R5 40 6 0.21 9.5 0.057 U 0.28 0.92 
C40-R50 40 48 0.41 10.5 0.057 U 0.31 1.02 
C40-R95 40 93 0.68 11.6 0.057 U 0.37 1.14 
G-R95 -- 95 0.5 11.4 0.057 U 0.58 1.10 
U-R95 -- 95 0.2 11.5 0.057 U 0.28 1.12 
A 24 5 0 9.5 0.12 U 0.2 0.97 
Skempton 
and Brogan 
(1994) 
B 10 5 0.13 9.5 0.12 U 0.34 0.97 
C 7 5 0.72 9.5 0.12 S 1 0.97 
D 4.5 5 0.86 9.5 0.12 S 1 0.97 
F 1.2 5 1 9.7 0.12 S 1.11 0.99 
G 2.2 5 1 9.7 0.12 S  0.99 
S1 1.9 5 0.91 8.2 0.12 S 0.7 0.84 
S2 3 5 0.973 8.7 0.12 S 0.9 0.89 
S3 2.6 5 0.93 10 0.12 S 1.05 1.02 
Sand 1 1.8 60.6 1 8.18 0.12 S 0.8 0.83 Tanaka and 
Toyokuni 
(1991) 
Sand 1 1.8 60.7 1 8.19 0.12 S 0.82 0.84 
 
Chapter 7 Theoretical model for internal instability and validation 173 
 
Figure 7.7a presents a comparison between 𝑖 𝑐𝑟,𝑎 and 𝑖 𝑐𝑟,𝑡ℎ-values (Terzaghi 1922), 
whereby one can observe that classical theory does not capture the hydraulic response of 
internally unstable soils with sufficient accuracy because it over-estimates 𝑖 𝑐𝑟,𝑡ℎ-values 
for internally unstable soils. As Fig. 7.7b shows, a comparison between predictions from 
the current model (𝑖 𝑐𝑟,0) and 𝑖 𝑐𝑟,𝑡ℎ from Terzaghi (1939) reproduced an almost similar 
scatter for the same dataset of Table 7.1. Most of the internally stable soils plot closer to 
the line of equality, while the scatter of unstable soils plots away from that. In Fig. 7.7c, 
the values of 𝑖 𝑐𝑟,𝑎 are plotted against 𝑖 𝑐𝑟,𝑜 from the current model, here the scatter of data 
closely follows the line of equality with < 7% standard error of mean, 𝐸𝑠𝑚 (Israr et al. 
2014). The estimated values of critical hydraulic gradients are consistent with the 
experimental results for internally stable and unstable soils which sufficiently verify the 
proposed model for the considered test data (Table 7.1).   
7.5.2 Critical hydraulic gradient for soils under external loading (𝝈𝒗𝒕
′ > 𝟎) 
To verify the proposed model (Eq. 7.4), a large additional dataset of filtration tests under 
external loading is taken from literature and combined with the results of current 
hydraulic tests under static and cyclic loading (Chapters 5 and 6). In summary, the dataset 
for model validation consists of 81 test results, including 5 from Trani and Indraratna 
(2010), 18 from Li (2008), 14 from Moffat and Fannin (2011), 12 from chapter 5, and 32 
from chapter 6 of this study. Figure 7.8 shows the comparisons between the experimental 
results and theoretical predictions obtained from the proposed model. As Fig. 7.8a shows, 
the current model conservatively under-estimates the magnitude of 𝑖 𝑐𝑟,𝑎 which governs 
the onset of instability; and the scatter of data points is plotted away from the line of 
equality with 24% standard error of mean (𝐸𝑠𝑚). 
Nevertheless, this scatter shifts slightly towards the line of equality with a reduction of 
2.7% in 𝐸𝑠𝑚,  when the factor 𝐹 𝑚 = 1.25  is multiplied with the model predictions, and 
𝐸𝑠𝑚 becomes only 16% at 𝐹 𝑚 = 1.5  (Figs. 7.8b and 7.8c). Further increases in the 
multiplication factor beyond 1.5 causes a substantial increase in 𝐸𝑠𝑚 values for the 
current model that becomes as high as 26.7% at 𝐹 𝑚 = 2.25. Interestingly, the dataset 
used for model validation includes a large proportion of results from hydraulic tests 
carried out in the laboratory under severe cyclic loading conditions  
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Figure 7.7 Relationships between observed and predicted critical hydraulic gradients 
for no external surcharge conditions. 
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Figure 7.8 Validation of proposed model for critical hydraulic gradient governing 
internal instability in granular soils with current and published experimental data. 
 
(Trani and Indraratna 2010, and data from Chapters 6 and 7). The above analysis shows 
that the proposed theoretical model could successfully capture the hydraulic response of 
soils and is conservative in nature, providing an embedded factor of safety of a minimum 
1.5. 
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7.6 Critical Envelopes and Hydro-mechanical Paths for Instability 
An inspection of Eq. 7.4 suggests that at the seepage induced onset of soil’s instability, 
the relation between hydraulic and mechanical constraints would be linear:  
𝑖𝑐𝑟 = 𝑆𝑐𝑟 × [1 + 𝑋]        (7.17) 
where 𝑆𝑐𝑟 and X define the slope and abscissa for this model, and are given as follows: 
𝑆𝑐𝑟 = 𝛼 × (𝐺𝑠 − 1 1 + 𝑒⁄ ) + 𝑖𝑖,𝑓      (7.18) 
𝑋 = 𝜎𝑚𝑣
′ 𝛾𝑤. ∆𝑦⁄         (7.19) 
Equation 7.17 indicates that this correlation would be unique for a stable or unstable soil 
(Fig. 7.9a). Notably when internal stability in a typical hydraulic test is examined under 
no external load (X = 0), the y-intercept yields a value of 𝑖𝑐𝑟,𝑜 that already incorporates α 
and 𝑖𝑖,𝑓, depending on whether the soil is stable, borderline, or unstable. 
For a given value of 𝜎′𝑣𝑡, a unique value of X is obtained. A stable soil would follow a 
hydro-mechanical state that corresponds to 𝑆𝑐𝑟 ≥ 1, whilst borderline and unstable soils 
would follow trends with 𝑆𝑐𝑟 < 1 and 𝑆𝑐𝑟 ≪ 1, respectively. This is also consistent with 
experimental observations that showed the hydro-mechanical response for stable, 
borderline, and unstable soils should be unique (Moffat et al. 2011), as is also shown by 
Fig. 6.14c and 6.14d. Figure 7.9b shows that the critical paths (𝑝𝑐𝑟) evolving from the x-
axis at a random inclination (𝜃 𝑝𝑐𝑟) and reaching the critical envelopes may be given by 
the following equation (based on geometry): 
𝑝𝑐𝑟 = [(𝛼 × (
𝐺 𝑠−1
1+𝑒
) + 𝑖𝑖,𝑓) × (1 +
𝜎′𝑚𝑣,𝑜
𝛾𝑤∆𝑦
) −
𝜎′𝑚𝑣
𝛾𝑤∆𝑦
× tan𝜃 𝑝𝑐𝑟]  (7.20) 
For a given loading condition, the value of 𝜃 𝑝𝑐𝑟  may vary depending on the stability 
potential of soil. For example, the critical onsets in this study evolved at relatively smaller 
effective stresses in stable soils than unstable ones which were still carrying much larger 
stresses when suffusion commenced. Therefore, the inclination of critical paths will be 
mild for internally stable soils and steeper for unstable soils (i.e. relatively higher 𝜃 𝑝𝑐𝑟), 
as shown in Fig. 7.9b. 
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Figure 7.9 Illustrations of proposed: (a) critical hydro-mechanical envelopes and (b) 
critical hydro-mechanical paths governing the inception of internal instability. 
 
Figures 7.10a to 7.10d show the hydro-mechanical paths that lead to the critical envelopes 
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′ 𝛾𝑤∆𝑦⁄ ) and local hydraulic gradient 𝑖𝑐𝑟,𝑖𝑗 = (𝑝𝑤
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using the mean effective stress in the critical soil layer and the corresponding local 
Line slopes
(a)
Internally 
stable soils 
Finite number of 
critical paths 
based on 
hydraulic and 
mechanical 
loading rates
Critical envelope (Eq. 7.17)
Critical path, 
(Eq. 7.20)
Internally 
unstable soils 
(b)
Chapter 7 Theoretical model for internal instability and validation 178 
 
hydraulic head losses, respectively. The sizes of the four critical paths vary depending 
upon the magnitude of applied external loading in Figs. 7.10a-d and frequency in Figs. 
7.10e-f. Not surprisingly, due to an increase in 𝜎′𝑣𝑡, the points of initiation of critical paths 
continue to shift towards the right hand side and yield larger critical paths, thereby 
stabilising the samples. Each soil possesses a unique inclination of critical paths (𝜃 𝑝𝑐𝑟) 
under static conditions, although the magnitude of 𝜃 𝑝𝑐𝑟 generally increases with an 
increasing potential of instability, i.e. 11.9o, 14o, and 15.6o for C10, C20, and U, 
respectively (Table 7.2). Figures 7.10e to 7.10h show that the point of initiation is almost 
the same because the cyclic load has a constant magnitude, i.e. 𝜎′𝑚𝑖𝑛 = 30 and 𝜎′𝑚𝑎𝑥 =
70 kPa. Nevertheless, the magnitude of 𝜃 𝑝𝑐𝑟  increases as the loading frequency is 
increased (Table 7.2), thereby yielding shorter critical paths. This indicates that the 
extremely premature instability that develops at a higher cyclic loading frequency is fully 
consistent with the experimental observations made in this current study (see Chapter 6). 
Table 7.2 Observed inclinations of critical envelopes and paths for the current soils 
Soil 
ID 
* 𝜃 𝑐𝑟 
* 𝜃 𝑝,𝑐𝑟 (Degrees) 
𝑓 = 0 Hz 5 Hz 10 Hz 20 Hz 30 Hz 
C10 1.4 11.9 23.8 27.5 31 35.3 
C23 1.03 10.5 11.3 12.1 14.6 15.9 
C20 0.77 14 18.8 24.7 29.3 39.4 
U 0.27 15.6 58.2 76.4 98.1 104 
∗  𝜃 𝑐𝑟 and 𝜃 𝑝,𝑐𝑟 = Inclination of critical envelopes and paths, respectively 
 
7.7 Validation and Discussion 
The published and current dataset of 81 results are taken from the previous section and 
used to validate the above models for their critical envelopes and the internal instability 
of soil (i.e. Trani and Indraratna 2010; Li 2008; Moffat and Fannin 2011; and Chapters 5 
and 6 of this study). The hydro-mechanical envelopes for each test specimen are obtained  
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Figure 7.10 Critical paths for current samples under static and cyclic loading; (a) C10-
S, (b) C23-S, (c) C20-S, (d) U-S, (e) C10-C, (f) C23-C, (g) C20-C, and (h) U-C. 
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by using Eq. 7.17 to define the hydro-mechanical boundary where instability commences. 
Note that the slopes of these envelopes could also quantify the order of potential 
instability for the results that are subsequently compared with experimental observations. 
This validation procedure is divided into two parts; namely (1) validation through 
published literature, and (2) validation through current test results from Chapters 5 and 
6. 
7.7.1 Validation through published literature 
Figures 7.11a, 7.11b, and 7.11c show the critical hydro-mechanical envelopes (lines) 
governing the onset of internal instability for the test results adopted from Moffat and 
Fannin (2011), Li (2008), and Trani and Indraratna (2010), respectively. The 𝑖𝑐𝑟 plotted 
against the dimensionless mechanical number 𝑋 indicates the critical envelopes. Table 
7.2 shows that each sample of soil possesses a unique critical envelope at a specific 
critical inclination (𝜃 𝑐𝑟), depending on its geometrical and physical characteristics at a 
given hydraulic and mechanical condition. Figures 7.11a and 7.11b show there are close 
agreements between the model predictions and the experimental results of Moffat et al. 
(2011) and Li (2008), respectively. Both of these studies examined the internal stability 
of broadly graded and gap graded soils subjected to static loading under upward and 
downward flow conditions. Figure 7.11c presents an analysis of the test data from Trani 
and Indraratna (2010) under cyclic loading, where theoretical envelopes are plotted for 4 
filter soils (F1-F4) and a self-filtering soil layer (F1-B). Notably, samples F2 and F4 
showed internal instability under cyclic loading, while F1-B was internally stable. The 
experimental points are also plotted for the applied hydraulic gradient (𝑖 𝑎 ≈ 10) and the 
given stress conditions. All the samples plot well below their respective critical envelopes 
and are therefore characterised as internally stable, except F4, where the experimental 
results revealed that F2 and F4 were internally unstable (see Trani and Indraratna 2010). 
This discrepancy for F2 could be attributed to the development of excess pore pressure 
and agitation due to cyclic loading that may have caused some internal instability. Not 
surprisingly, the orders of internal instability potential obtained from the proposed model 
are consistent with those from the experiments (highest to lowest), i.e. T-0 > T-5 > C-30 
> C-20 (Moffat and Fannin 2011), FR8 > FR7 > HF03 > HF05 > HF10 (Li 2008), and 
F1-B > F4 > F2 > F1 > F3 (Trani and Indraratna 2010). 
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Figure 7.11 Critical hydro-mechanical envelopes for the test results of; (a) Moffat and 
Fannin (2011), (b) Li (2008), and (c) Trani and Indraratna (2010). 
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7.7.2 Validation through current experimental data 
The experimental results from Chapters 5 and 6 are plotted in Figs. 7.12a and 7.12b, and 
which show the corresponding theoretical envelopes governing the critical onsets of 
instability and close agreements between the theory and laboratory experiments. 
Similarly, the theoretical orders for potential of internal instability are fully consistent 
with the experimental observations reported in Chapters 5 and 6, i.e. G > C1 > C2 and U 
> C20 > C23 > C10, respectively.  
 
Figure 7.12 Critical hydro-mechanical envelopes for current test results of; (a) 
Chapter 5 and (b) Chapter 6 
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Here, the lines originating from the y-axis at an intercept equal to 𝑖𝑐𝑟,0 (at 𝜎′𝑣𝑡 = 0 kPa) 
and progressing at a slope given by Eq. 7.18 govern these critical envelopes. Each test 
specimen follows a unique envelope given by symbols in Fig. 7.12 which are fully 
consistent with the proposed model (Eq. 7.18). Nevertheless, the proposed model captures 
the seepage induced response of all the test specimens reported under static and cyclic 
conditions. 
Regardless of the static or cyclic loading applied during the hydraulic tests, the 
experimental data plotted along these critical envelopes agree closely with the proposed 
model, albeit with small discrepancies between the test results and theoretical predictions. 
Essentially, for the given hydraulic (𝑖 𝑎) and mechanical (𝜎′𝑣) values, the geometrical 
(PSD and CSD) and physical (𝑅 𝑑 and 𝜇 𝑓) factors in tandem control the seepage induced 
response of soils, and they follow unique critical envelopes and paths that govern the 
critical onsets of instability. 
7.8 Limitations of this Study 
This study focused on a seepage analysis of granular soils under one-dimensional upward 
flow, which in practice can simulate filters in transportation embankments and at the 
downstream side of dams. The limitations of this study are as follows: 
 Unlike the ideally upward flow considered in this study, actual seepage paths may be 
tortuous and multi-directional, and erodible fines may be exposed to more exit paths 
with relatively lesser resistance. 
 Boundary friction due to cell walls in laboratory equipment does not represent real 
filtration where only inter-particle contact friction may exist. 
 Since the loading ranges simulated in this study were limited, i.e. 𝜎𝑣𝑡
′ = 0 − 100 kPa 
for static, and 𝜎𝑚𝑖𝑛
′ = 30 kPa and 𝜎𝑚𝑎𝑥
′ = 70 kPa with up to 30 Hz frequency for 
cyclic loading, the subsequent findings should be applied with caution to soils 
functioning under different conditions. 
 As a common limitation for most laboratory studies, the scale of the laboratory 
simulations may not be comparable with the actual dimensions of field problems. 
Nonetheless, the results of this study provide a deeper insight into the actual seepage 
behaviour of granular soils in various geo-hydraulic infrastructures. 
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7.9 Chapter Summary 
The observational approach adopted in this study led to the development of a theoretical 
model for estimating critical hydraulic gradients for seepage induced instability in soils. 
An empirical stress reduction factor sensitive to PSD and 𝑅𝑑 and explicit expressions for 
additional hydraulic gradients due to frictional resistances were also proposed as the 
model parameters. This proposed model could estimate 𝑖𝑐𝑟 for reported test data, and thus 
the following conclusions are drawn: 
As functions of frictional characteristics and PSDs of current soils, seepage failures began 
at unique hydro-mechanical boundaries. For example, suffusion and heave commenced 
in U and C10 at unique combinations of 𝑖 𝑐𝑟 and 𝜎𝑚𝑣
′  that could be defined by linear 
relationships with distinct critical inclinations 𝜃𝑐𝑟 of 15.1
o and 54.5o, respectively. 
Similarly, C23 and C20 exhibited instability at 𝜃𝑐𝑟 of 45.9
o and 37.6o, respectively. The 
development of heave and suffusion could be modelled by combining the effects of 𝑖 𝑐𝑟,
𝜎𝑚𝑣
′ , stress reduction, and the frictional characteristics of soils. The proposed model 
showed close agreements with the experimental data. 
Depending on the loading conditions and types of soil, the current model yielded unique 
critical envelopes and paths with specific inclinations (𝜃 𝑐𝑟 and 𝜃 𝑝𝑐𝑟). Each specimen 
possessed a unique inclination (𝜃 𝑝𝑐𝑟) of its critical path that varied with the loading 
condition. For instance, 𝜃 𝑝𝑐𝑟 equal to 11.9
o, 10.5o, 14o, and 15.6o was observed for C10, 
C23, C20, and U, it did not change during the static tests but it increased proportionally 
with the cyclic frequency. An increase in 𝜎𝑣𝑡
′  stabilised the test specimens by increasing 
their critical paths, whereas the increase in cyclic frequency tended to destabilise them by 
decreasing the critical paths (higher 𝜃 𝑝𝑐𝑟) and hence the 𝑖 𝑐𝑟-values. 
In place of PSD based traditional ‘stable/ unstable’ bifurcation, the extent and potential 
internal instability of soils may be described by the inclinations (𝜃 𝑐𝑟) of critical envelopes 
which govern the occurrence of instability in soils. Unlike existing methods which tend 
to be unsafe under cyclic loading, the proposed model successfully assessed the potential 
of instability, as shown by the analysis of data obtained from past literature and this 
current study. 
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Although assessed as internally stable by the existing criteria, non-uniform soils (e.g. 
gap-graded and broadly-graded with Cu > 10) may experience internal erosion under 
cyclic conditions, and therefore should be selected with caution. Although this current 
research study provides a greater insight into the internal instability of granular soils, 
further research will expand its scope to encompass a wider array of broadly-graded and 
gap-graded soils under more practical conditions. 
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CHAPTER EIGHT 
PRACTICAL IMPLICATIONS: 
PROPOSED FILTER DESIGN 
PROCEDURE AND EXAMPLES 
 
 
 
 
 
8.1  Introduction 
Following the development of geometrical criterion for assessing internal instability 
potential, experimental investigation into seepage induced failures, hydro-mechanical 
modelling of inception of internal instability, and their validation through extensive 
laboratory test data in the previous Chapters 4 to 7, this chapter describes the practical 
applications of this research study. Given that the filtration response of soils varies with 
the severity of loading conditions, it is imperative to consider the governing factors to 
ensure safe and effective practical filter design. The basic requirements needed for a filter 
to be safe and effective include its ability to arrest eroding base particles without 
clogging, and also ensure that the finer fractions from the filter itself are not eroded. The 
existing filter selection criteria are those established for static conditions based on soil 
gradations alone, so they cannot always ensure safe and effective filter design for severe 
dynamic conditions. In this chapter, step-by-step design procedures are proposed for 
selecting and assessing the internal stability of granular filters in practice, for static and 
cyclic conditions. This chapter is divided into three main sections; namely (1) the 
proposed approach for practical filter design in the form of visual guidelines, (2) design 
examples to demonstrate the proposed filter design approach under static and cyclic 
conditions, and (3) practical implications of proposed criteria to assess the design of 
existing water treatment filters in Bombaderry NSW, Australia. 
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The existing filter selection and internal stability criteria in professional practice are 
generally similar in approach so they possess the same limitations. As discussed 
previously in Chapter 2, section-2.3 (i.e. Ch. 2.3), the filter design criteria of ICOLD 
(1994) recommends the use of a relatively smaller base particle size (𝑑 50) compared to 
the approaches of NRCS (1994), Indraratna et al. (2007), and Raut and Indraratna (2008), 
which recommended 𝑑 85, 𝑑 85,𝑆𝐴,  and the regraded  𝑑85
∗ , respectively. Note that these 
approaches may be conservative (safe) for some base soils and non-conservative (unsafe) 
for others (Raut, 2006). As discussed earlier in Chapters 2 and 4, the existing criteria for 
a geometrical assessment of internal stability generally rely upon the shape and width of 
particle size distribution (PSD) curve of soils (Li and Fannin 2008; Chapius 1992). These 
criteria are insensitive to the effects of levels of compaction and cyclic loading conditions 
on the filtration of soils, where agitation and the development of excess pore water 
pressure under cyclic loading can induce premature suffusion. Therefore, in order to 
minimise the risks associated with neglecting these effects and to increase the longevity 
and durability of practical filters in severe conditions, enhanced filter design and stability 
assessment guidelines are imperative.   
8.2 Proposed Design Procedure for Effective and Internally Stable Filters 
Practical design of internally stable and effective filters involves the following steps: 
1- Selection of particle size distribution of filter soil which is geometrically effective in 
retaining the protected base soil (see Ch. 2.3.1.2): 
 Static loading condition: (𝐷𝑐35 𝑑85
∗⁄ ) ≤ 1 (Raut and Indraratna 2008) 
 Cyclic loading condition: (𝐷𝑐35 𝑑 85⁄ ) ≤ 3 − 4 (Trani and Indraratna 2010) 
2- Geometrical assessment of internal instability potential for filters selected in step-1 
(see, e.g. Ch. 4.5 and Ch. 6.6): 
 Static loading condition: (𝐷𝑐35
𝑐 𝑑85,𝑆𝐴
𝑓
⁄ ) ≤ 1  (Chapter 4) 
 Cyclic loading condition: (𝐷𝑐35,
𝑐,𝑙𝑜𝑜𝑠𝑒𝑠𝑡 𝑑85,𝑆𝐴
𝑓
⁄ ) ≤ 1 (Chapter 6) 
3- Hydro-mechanical assessment of inception of internal instability in filters (Ch. 7.5) 
and quantifying their internal stability based on given 𝑖 𝑎 and 𝜎𝑣𝑡
′ -values. 
The above three steps for effective and safe practical filter selection are shown in separate 
design charts to ensure convenience to design practitioners.  
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Figure 8.1 Practical implications of findings from this study: unified guidelines for 
selecting safe and effective granular filters under both static and cyclic conditions. 
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Figure 8.2 Illustration of procedure for geometrical assessment of internal instability 
potential of granular filters. 
 
The highlighted portions in Fig. 8.1 show the practical implications of this current study 
in the form of visual guidelines for the selection of safe and effective granular filters 
under static and cyclic loading. Notably, the overall filter selection procedure involves 
steps which are similar to those recommended by the existing design procedures such as 
NRCS (1994) and ICOLD (1994), as previously described elsewhere in Chapter 2 (Fig. 
2.9). In practice, the filter design procedures yield an allowable selection band that may 
contain a finite number of tentative particle size distribution curves (i.e. effective/ 
ineffective and internally stable/ unstable). Based on the particle size distribution of 
available material (base soil) to be protected in the field, the choice of filter gradations is 
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Figure 8.3 Illustration of quantifying filter effectiveness in terms of factor of safety 
against base particle migration into filters under given hydro-mechanical conditions 
 
A similar filter selection procedure is extended to include more rigorous filter design and 
stability assessment methods proposed in this research study involving geometrical and 
hydro-mechanical procedures. Filter selection is recommended by the procedure of Raut 
and Indraratna (2008), previously described elsewhere in Chapter 2 (Section 2.3). 
Accordingly, the selected filter gradations should be assessed for internal instability 
potential by the CP-CSD method (Ch. 4.5), as depicted in Figure 8.2. As Fig. 8.3 shows, 
the next step involves computing the factors of safety to quantify filter effectiveness in 
retaining the protected base soil and determine the required filter thickness to ensure the 
development of internally stable self-filtering layers (Ch. 2.3). 
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Figure 8.4 Illustration of procedure for hydro-mechanical assessment of internal 
instability potential for granular filter under given hydro-mechanical conditions. 
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Finally, the proposed hydro-mechanical model for internal stability should be applied to 
determine whether or not the given hydraulic and mechanical factors would trigger 
internal instability in the filter (Fig. 8.4). This concludes the proposed design procedure 
for the selection of safe, effective, and internally stable granular filters for the given 
hydraulic and mechanical conditions. The following sections illustrate the implications 
of this proposed filter design procedure with the help of a comprehensive design example 
and a case history related to the assessment of a practical design of a filter adopted from 
Raut (2006). 
8.3 Filter Design Examples 
Three different examples are presented to demonstrate various steps involved in the 
proposed design and selection criteria as follows: 
8.3.1 Example-1: Selection of effective granular filters effective to retain a base soil 
under given hydraulic and mechanical conditions 
 
(i). Design an effective downstream granular filter to protect the core material of a 32 
metre high embankment dam subject to a maximum upstream hydraulic head of 
25 m of water to protect the core material consisting of highly dispersive silt, as 
shown in Fig. 8.5a. The overburden pressure and surcharge over the filter layer is 
reported to be 100 kPa. Compute the factors of safety for each 200 mm thick filter 
layer. 
 
(ii). Design a safe and effective railway subballast filter to protect the highly 
dispersive silty subgrade soil (Fig. 8.5b) from erosion under heavy haul freight 
train moving up to a maximum 140 km/hr (i.e. 20 Hz) on a standard gauge rail-
track in NSW. Assume suitable values for superstructure components to estimate 
the sitting overburden pressure. The piezometric head due to seepage from a 
nearby river flowing at a higher elevation from the track was 2.75 m. For the fully 
compacted and saturated subballast layer (thickness = 200 mm), compute the 
factors of safety against pumping the saturated subgrade fines.  
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Figure 8.5 Illustration of scenarios in design examples (not scaled) 
 
SOLUTION:  
(i). The procedure described in section 2.3.1.2 is adopted for selecting an allowable filter 
band that begins with evaluating the internal stability of base soil. The maximum and 
minimum 𝐷 15-values are obtained in Table 8.1. Following the procedure described in 
Fig. 8.1, the filter band is then plotted in Fig. 8.6a (shaded region). The next step 
involves determining 4 different filter gradations (F1-F4) within this shaded region, 
as shown by solid lines in Fig. 8.6b. The average applied hydraulic gradient 𝑖 𝑎  is 
approximately 50 (= 25 0.5⁄ ) for a 500 mm thick filter layer. The factors of safety 
against base particle erosion are computed using the approach illustrated in Figure 8.3, 
and the results are summarised in Table 8.1. 
 
(ii). The procedure described in section 2.3.2.2 is adopted for selecting a filter band for 
cyclic conditions that requires a relaxed CSD based criterion (𝐷𝑐35 𝑑 85⁄ ) ≤ 3 − 4). 
For the given 𝑅 𝑑, the limiting 𝐷 15 sizes are obtained and reported in Table 8.1. 
Following the procedure described in Fig. 8.1, the filter band is then plotted in Fig. 
8.6a (the region bounded by dotted lines). Various filter gradations (F5-F8) are 
selected within this allowable region, as shown by dotted lines in Fig. 8.6b. The pore 
pressure induced hydraulic gradient 𝑖 ∆𝑢 for f = 20 Hz is estimated to be 8 (Fig. 6.9) 
and the total 𝑖 𝑎 is calculated to be 35, for which the factors of safety against base 
particle erosion into filter are calculated and reported in Table 8.1.  
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Table 8.1 Summary of calculations for design Example-1  
Part Filter 
𝑅 𝑑 
(%) 
𝐶 𝑢 
𝐷 15 
(mm) 
𝐷 𝑐35 
(mm) 
𝐷 𝑐35 𝑑 85
∗⁄  
𝐹 𝑠 
(= 𝑖 𝑡ℎ 𝑖 𝑎⁄ ) 
Effective 
(Yes/No) 
(i
) 
S
ta
ti
c 
F1 70 4.4 0.11 0.0232 0.7738 19.2 Yes 
F2 70 2.1 0.4 0.0886 2.9534 5.3 No 
F3 70 6.3 0.1 0.0214 0.7136 11.8 Yes 
F4 70 13.3 0.21 0.0246 0.8193 4.2 Yes 
(i
i)
 
C
y
cl
ic
 F5 > 95 4.7 0.3 0.057 1.8976 2.6 No 
F6 > 95 13.5 0.7 0.071 2.3691 0.8 Yes 
F7 > 95 3.1 0.6 0.111 3.7006 2.4 Yes 
F8 > 95 2.7 1.4 0.277 9.2452 0.6 No 
Note: Here, 𝑅 𝑑, 𝐶 𝑢, 𝐷 15, 𝐷 𝑐35, 𝑖 𝑡ℎ, 𝑖 𝑎, and 𝐹 𝑠 define relative density, uniformity 
coefficient, particle size at 15% finer, controlling constriction, theoretical & applied 
hydraulic gradients, and factor of safety against base particle erosion, respectively. 
The 𝑖 𝑡ℎ is determined using the model of Indraratna and Radampola (2002). 
 
8.3.2 Example-2: Geometrical assessment of internal instability potential 
Determine the internal instability potential for the gradations selected in Example-1: 
 
SOLUTION:  
(i). The procedure proposed in Fig. 8.2, and the CP-CSD criteria presented in Chapter 4 
is used to assess the internal instability potential for filter gradations. Table 8.2 
summarises the results of stability assessments, whereby F1 and F2 are determined as 
stable, F3 as marginal, and F4 as unstable. 
 
Table 8.2 Summary of calculations for design Example-2  
Part Filter 𝑖 𝑎 𝑖 𝑐𝑟,𝑡 𝐹 𝑠 (𝐻 𝐹⁄ ) 𝑚𝑖𝑛 𝐷 𝑐35
𝑐  𝑑 85,𝑆𝐴
𝑓
 𝐷 𝑐35
𝑐 𝑑 85,𝑆𝐴
𝑓
⁄  
Internal 
Stability 
(i
) 
S
ta
ti
c 
F1 50 61.4 1.23 1.6 0.059 0.15 0.392 S 
F2 50 58.1 1.16 4 0.177 0.58 0.305 S 
F3 50 43.9 0.87 1.03 0.075 0.08 0.938 S 
F4 50 39.3 0.78 0.98 0.095 0.09 1.053 U 
(i
i)
 
C
y
cl
ic
 F5 35 30.9 0.88 1.02 0.499 0.48 1.041 U 
F6 35 3.2 0.09 0.98 0.770 0.4 1.923 U 
F7 35 41.8 1.2 1.33 0.643 0.8 0.804 S 
F8 35 47.1 1.34 1.71 1.37 1.95 0.701 S 
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Figure 8.6 (a) Allowable filter band widths for embankment dam filter and railway 
subballast filter layers for protecting the given base soil, (b) Selected filter gradations.  
 
 
(ii). Given that cyclic loading induces a significant agitation of granular media that results 
in variations in constrictions sizes, the modified CP-CSD criterion is deemed 
appropriate for assessing the internal stability of filters F5-F8 under cyclic conditions. 
Accordingly, the CSD of the coarse fraction is determined at  𝑅 𝑑 = 0%  to anticipate 
the disturbance of filter media due to agitation. The analysis revealed that filters F5 
and F6 are geometrically unstable, while F7 and F8 are stable (Table 8.2). 
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8.3.3 Example-3: Hydro-mechanical assessment of internal instability potential 
 
Plot the hydro-mechanical envelopes and quantify the internal instability potential for the 
gradation selected in Example-1: 
SOLUTION: Adopting the procedure illustrated in Fig. 8.4, the hydro-mechanical 
envelopes are obtained for all the gradations, while considering a nominal filter thickness 
of 200 mm (Fig. 8.7). The magnitudes of critical hydraulic gradients for internal 
instability and respective factors of safety against suffusion are computed (i.e. 𝐹 𝑠 =
𝑖 𝑐𝑟,𝑡/𝑖 𝑎).  
 
Figure 8.7 Hydro-mechanical envelopes governing the onset of internal instability for 
given hydraulic gradient and mechanical factor for a 200 mm thick layer of an; (a) 
embankment dam filter (part-i of Example-1), and (b) subballast filter (part-ii). 
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It is revealed that filters F1, F2, F7, and F8 are safe against the inception of internal 
instability, while filters F3-F6 are susceptible to suffusion under given hydro-mechanical 
conditions. Based on this analysis for Examples 1 to 3, the following conclusions are 
drawn: 
(i). Filter F1 is the most suitable option for a downstream filter in the embankment 
dam. 
(ii). Filter F7 is the most suitable option for a subballast filter under given cyclic 
loading conditions. 
Figure 8.8 illustrates the procedure of determining the internal stability index, 𝐼𝑠 (=
𝐵 𝐴 + 𝐵⁄ ), where A and B = lengths of utilised and intact critical paths, respectively. The 
critical envelopes, paths, and their respective inclinations are also plotted. It is revealed 
that the filters F1 and F7 will still have up to 4.1% and 6.5% intact internal stabilities, 
respectively, when the worse possible conditions assumed are reached.   
 
8.4 Practical Application: Assessing the design of permeable reactive and non-
reactive barriers in Bombaderry, NSW, Australia. 
After demonstrating the procedures for selecting safe and effective filters for 
embankment dams and railway substructures in the form of design examples, this section 
applies the proposed design procedure to an existing filtering facility in Bombaderry 
NSW, Australia. As the result of a joint venture between Shoalhaven City Council and 
University of Wollongong in 2007, permeable barrier was installed at Bombaderry to 
treat the ground water contaminated with acid sulphate (Fig. 8.9). The base soil was 
characterised as a highly dispersive clayey-silt with significant sand fraction that was 
protected by installing a non-reactive barrier (P1) to allow the contaminated ground water 
to seep through (Fig. 8.10a). A permeable reactive barrier (P2) was installed on the 
downstream of P1 with the two-fold objective of protecting P1 from potential erosion and 
treating the acid sulphate ground water before disposal into the Shoalhaven River. This 
technique effectively prevented P2 from clogging; therefore assuring its longevity as a 
treatment filter (it is still functioning). In this current study the proposed design procedure 
is used to assess the design of this filtering and treatment facility. 
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Figure 8.8 Quantifying the internal stability potential of filters F1 and F7. 
 
  
Figure 8.9 Schematic illustration of functioning of permeable reactive barrier. 
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Figure 8.10 (a) PSDs of base (B) and filter (P1 and P2) soils, and (b) regrading of the  
base soil PSDs based on dominant constriction size (𝐷 𝑐95) of filters P1 and P2. 
 
 
Table 8.3 Summary of calculations for hydro-mechanical assessments effectiveness and 
internal stability for filters F1 and F2 in protecting erodible acid sulphate soil B.  
Filter 
Filter effectiveness Intenal stability 
𝑖 𝑎 𝑖 𝑐𝑡 𝐹 𝑠 Effective (𝐷𝑐35
𝑐 𝑑85,𝑆𝐴
𝑓
⁄ ) 𝑖 𝑐𝑟,𝑡 𝐹 𝑠 Stable 
F1 0.01 0.45 45 Yes 0.86 0.85 85 S 
F2 0.01 0.43 43 Yes 0.97 0.85 85 S 
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Figure 8.10b presents the CSDs and controlling constriction sizes for filter materials (P1 
and P2) and modified PSDs and regraded particle sizes (𝑑85
∗ ) of the protected base soils 
(B and P1). The ratio  𝐷 𝑐35 𝑑85
∗⁄ < 1 is obtained for both base-filter systems (i.e. P1-B 
and P2-P1), the selected filters are geometrically effective in retaining the base soils (Raut 
and Indraratna, 2008). Figure 8.11a shows the PSDs of self-filtering layers for the both 
base-filter systems, obtained by the procedure proposed by Indraratna and Raut (2006).  
 
  
Figure 8.11 (a) PSDs of self-filtering layers for base filter systems B-P1 and P1-P2, and 
(b) PSDs of coarse and fine fractions, CSDs of coarse fraction, PSDs by surface area for 
fine fractions obtained after demarcating the PSDs of self-filtering layer. 
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The CP-CSD technique is used to geometrically assess the potential for internal 
instability of self-filtering layers and it is revealed that both layers are internally stable 
(Fig. 8.11b). Notably, it is a case of filtration under horizontal flow conditions due to 
ground water seepage under a very small hydraulic gradient 𝑖 𝑎 ≤ 0.01  (Indraratna et al. 
2014). In these conditions, inertial constraints such as gravity and overburden stresses do 
not influence the filtration of granular soils (Adel et al. 1988; Skempton and Brogan, 
1994). Therefore, it is conservatively assumed here that only the geometrical constraints, 
including the particles, constriction sizes and relative density, controls the process of 
erosion and captures base particles into the filter. The critical hydraulic gradients and the 
factors of safety against base particle migration and the inception of internal instability 
are calculated for the given conditions (Table 8.3). It is revealed that the base-filter 
systems are geometrically as well as hydro-mechanically safe, effective, and internally 
stable. 
 
8.5 Chapter Summary 
 
This chapter presented the practical implications of this current research study in the form 
of design examples illustrating step-by-step approaches for effective and internally stable 
filter design for static and cyclic loading conditions. The computations for factors of 
safety against base particle migration into filters and internal instability of filter media 
were demonstrated in the form of design problems. Nevertheless, caution must still be 
exercised when applying any of the proposed criteria and design procedures for soils and 
conditions significantly different from those considered in this study. Further research 
would be invaluable in extending the scope of this study to more complex filtration 
scenarios which could not be simulated here. 
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CHAPTER NINE 
CONCLUSIONS AND 
RECOMMENDATIONS 
 
 
 
 
 
 
 
 
9.1 General 
 
In geotechnical engineering filters are installed to prevent base soils from eroding due to 
seepage within or behind the hydraulic structures. As water flows from upstream there is 
a significant hydraulic load which can wash out loose base fines and trigger erosion that 
will eventually cause a protected hydraulic structure to collapse. An effective filter should 
retain loose base fines to allow seepage while simultaneously preventing erosion and the 
build- up of detrimental pore water pressures due to clogging. It is therefore important 
that the internal structure of soil in filters remain intact during this entire process of 
filtering. Such filters are known as internally stable and their selection is pertinent to the 
gradation of base soil they are meant to protect. In practice, filters could be natural, 
manufactured mixtures of sand and gravel or geotextile materials installed to protect 
hydraulic structures such as embankment dams, levees, flood protection embankments 
and river training works etc. Geotextile filters are internally stable, easy to install and 
yield better quality assurance, but they do possess a short performance history, which is 
why this current research focuses on granular filters. 
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Internally unstable soils have been a topic of discussion since the 1930’s (Kenney and 
Lau, 1985) and it has never really reached a conclusion due to the complexity of this 
phenomena. Most previous studies focused only on the geometrical factors that control 
the potential for internal instability, although there were some that focused on the hydro-
mechanical factors governing this phenomenon which seemed to discourage the use of 
non-uniform (broadly and gap-graded) soils as filters. The numerous failures of hydraulic 
structures and rail track substructures could have been avoided had properly designed 
filters and drainage layers been in place. Filters have been used more frequently in dams 
built with internally unstable, erodible, dispersive, and non-uniform cores, and railway 
substructures built in low lying coastal areas where clay pumping and hydraulic erosion 
is prevalent. Despite this history, granular filters are still acceptable in these 
environments, but it is imperative to understand how hydro-mechanical factors evolving 
from mechanical (complex static and cyclic stresses), hydraulic (seepage and excess pore 
pressures), and physical (cyclic densification and agitation) conditions can affect their 
response to seepage, especially when trying to improve the design of practical filters.  
 
In this study, an extensive experimental program was undertaken at the University of 
Wollongong, Australia which consisted of 67 hydraulic tests carried out on 10 different 
soils (uniform sands and non-uniform sand-gravel mixtures) to assess their internal 
stability under different loading conditions. The test specimens were subjected to static 
and cyclic loading in different phases to simulate actual field conditions downstream 
from dams, and in railway substructures. A rigorous geometrical technique which 
combined two well-accepted criteria for filter selection is proposed to assess the potential 
internal instability of current soils; this assessment includes a large body of published 
data. A modified hydraulic apparatus that could successfully simulate and monitor these 
test conditions was designed and commissioned. Based on an analysis of the test results, 
the geometrical technique was then extended to assess the internal stability of soils under 
cyclic loading, from which a new hydro-mechanical model that would govern the 
inception of seepage induced failure in soils and quantify potential internal instability 
under static and cyclic conditions was proposed. These geometrical and hydro-
mechanical models were verified by extensive datasets, the current results, and those 
obtained from published studies. The practical implications of this study were 
demonstrated through practical design examples. 
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9.2 Conclusions 
 
The salient findings from this research study are summarised as follows: 
 
9.2.1 Assessment of Internal Instability Potential for Granular Filters 
 
The results from hydraulic tests conducted in the laboratory to assess and interpret the 
potential internal instability of ten samples of granular soil compacted to various levels, 
and a vast array of experimental data taken from previous studies, were reported. A novel 
technique that combines the particle size distribution (PSD) and associated relative 
density (Rd) to capture the constriction size distribution (CSD) of soils has been 
proposed; it will accurately demarcate a clear boundary between internally stable and 
unstable soils, and from which the following specific conclusions were drawn (Chapter 
4): 
 
1. Geometrical factors controlling potential internal instability. Apart from the PSD 
of a given soil, its level of compaction also influences the amount of fines that are 
eroded under a given hydraulic gradient. Depending on their relative density (Rd), 
marginally unstable (borderline) samples could transform into stable ones and vice 
versa. For instance, specimens C20 and C23 experienced more than 4% reduction in 
internal erosion, and were then transformed into being internally stable after their Rd-
values increased from 6% to 71% and from 7% to 32%, respectively. Therefore, in 
order to accurately predict the internal stability of a soil, it is imperative to consider 
its PSD and Rd together, thus elucidating the prominent role of constrictions, and not 
just the particle sizes considered in conventional geometrical approaches. 
 
2. Performance of available geometrical criteria. Although none of the existing PSD 
based criteria were 100% successful in assessing the potential for internal instability, 
they are still suitable for prompt assessments. For instance, Kenney and Lau’s (1985) 
criterion could assess the potential internal instability of currently tested samples with 
a higher success rate (85%) than the 75% and 60% success rates of Kezdi (1979) and 
Sherard (1979), respectively. 
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3. Proposed revision in Kenney and Lau’s (1985) criterion (Appendix-A). Although 
the original criterion from Kenney and Lau (1985) could assess the internal stability 
of soils with reasonable accuracy, there was still room for improvement; such as 
establishing the stability boundary more appropriately on the basis of the Rd instead 
of Cu of soils. Based on the experimental results, it was found that soils compacted at 
Rd < 70% should be evaluated up to 30% finer by mass when evaluating the 
(H/F)min-values, while the F = 20% finer limit would still be considered 
conservative for soils compacted at Rd ≥ 70%. 
 
4. Verification of proposed revision (Appendix-A). This proposed revision was tested 
against the original criterion of Kenney and Lau for the same 93 results; the method 
improved to the extent that only 4 incorrect assessments were obtained instead of 8 
from the original criterion. 
 
5. Proposed CP-CSD method. A new approach (CP-CSD) was proposed that couples 
two different PSD and CSD based criteria to capture the effect of Rd by demarcating 
the PSD of soil at a specific division point defined by the ratio (H/F)min up to 30% 
finer by mass on the curve. This would establish an idealised base-filter system within 
the soil, which would then be subjected to the filter retention criterion of Indraratna 
et al., (2007) to examine whether or not the coarse fraction above the dividing point 
(i.e. the filter component) could retain the separated finer fraction (i.e. base soil). 
 
6. Validation of CP-CSD method. Unlike many criteria currently available, the 
consistency of the CP-CSD method in relation to the reported experimental results 
was remarkable. For example, Kenney and Lau’s (1985) criterion resulted in 8 
incorrect predictions out of the 92 data points examined, while the CP-CSD method 
yielded only one inaccurate prediction (success ≈ 99%). This single discrepancy 
could be attributed to excessive vibration imparted during the hydraulic test. Given 
that the CP-CSD method incorporates the PSD and its sensitivity to Rd (hence the 
role of CSD), it would be more reliable and realistic to adopted them in practice rather 
than the PSD-based geometric criteria currently available. 
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Considering the nature of the soils considered herein, caution must still be exercised 
when this technique for granular soils is applied to those with vastly different 
properties such as predominantly gap-graded materials and cohesive soils. Similarly, 
additional hydraulic tests should be conducted to verify the proposed revision in 
Kenney and Lau’s (1985) criterion for extending its scope to gap-graded soils because 
they were not tested comprehensively in this research study. 
 
9.2.2 Development and Performance of Modified Hydraulic Apparatus 
 
A new apparatus for examining the seepage of soils subjected to static and cyclic loadings 
was developed to accurately monitor the spatial and temporal variations in porosities, 
average and local hydraulic gradients, losses of boundary friction, effective stresses, and 
visual observations of effluent turbidity and flow rates, etc. A multi-layered stress 
reduction model was proposed to incorporate the effects of seepage and losses due to 
friction. Based on results of 12 internal erosion tests conducted on 3 different soils, the 
following conclusions were drawn (Chapter 5): 
 
1. Test repeatability and the effect of instrumentation. All the accessories and 
instruments inside the test specimen (including 6 transducers, 2 load cells (LC) and 
3 ADR probes) acquired ≈ 0.50 %  of total soil volume, of which 0.43 % was 
acquired by the 2 LCs. Therefore, only the effect that LCs had on the soil sample 
was evaluated. Six additional tests were carried out under static loading, i.e. one on 
each soil gradation with and without LCs. There was no significant difference 
between the variations in porosity, the evolution of hydraulic curves, and the 
magnitude of local and average hydraulic gradients, which indicated good test 
repeatability and also showed that the instrumentation had no significant effects on 
how the soil samples responded.  
 
2. Effective stress distributions soils. The initial effective stress distribution in soils 
may have decreased linearly along the depth of the specimen due to seepage, and 
then became increasingly non-linear at the onset of instability. In internally stable 
soils, the magnitude of effective stresses at the critical onset of heave is likely to be 
very low compared to internally unstable soils which may still be carrying a 
significant magnitude of effective stress. 
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3. Seepage failures in internally stable and unstable soils. It was revealed that uniform 
(internally stable) soils can have heave and heave-piping failures under both static 
and cyclic conditions, whereas gap graded soils suffer from suffusion under static 
loading that becomes excessively premature under cyclic conditions. For instance, 
heave-piping and heave failures occurred in densely compacted uniform fine sands 
(C1) and fine gravels (C2), respectively, and suffusion was observed in gap-graded 
sandy-gravel soil (G). 
 
4. Hydro-mechanical response of stable and unstable soils. Samples C1 and C2 
subjected to initial normal stress, σ′vt = 50kPa exhibited heave failures at mean 
effective stresses ≤ 10 kPa with corresponding icr,a-values more than twice that of 
sample G, which suffered from excessive suffusion at higher σ′vmo (≥ 14 kPa) and 
icr,a(≈ 16) under static loading. This sample G exhibited relatively premature 
suffusion at icr,a = 12.8, 11.8 and 11.2 during cyclic tests at 𝑓 = 5, 10 and 20 Hz, 
respectively. An analysis of local hydraulic gradients (iij) revealed that the suffusion 
in sample-G began within the range of σ′vmo ≈ 14 − 20 kPa and icr,ij ≈ 26 − 31. 
Essentially, the correlation for icr,a was much lower for the gap-graded soil G than 
the uniformly-graded soils C1 and C2, nevertheless, the relationship between icr,ij 
and local mean effective stress (σ′vm,ij) was the same for static and cyclic loading. 
 
5. Effect of cyclic loading on hydro-mechanical response. The application of cyclic 
load resulted in a significant development of pore pressure (∆𝑢) which in addition to 
the marked agitation of fines within the pores facilitated the inception of premature 
suffusion (see Appendix-B). Their effects were quantified in terms of a normalised 
pore pressure ratio (𝑟𝑢) and the resulting additional hydraulic gradient (𝑖∆𝑢) which 
could be back-calculated; this was observed to be a direct function of the cyclic 
loading frequency. Moreover, seepage failure in soil commenced at unique hydro-
mechanical boundaries that were independent of loading conditions (static or cyclic). 
For example, the 𝑖𝑐𝑟,𝑖𝑗 − 𝜎
′
𝑚𝑣,𝑖𝑗 correlation for the current test data from the static 
and cyclic tests could be described by a single correlation. 
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Nonetheless, these critical correlations may vary depending on the type of soil and its 
physical and geometrical properties (μf, ∅
′,  PSD, and CSD), the loading magnitude and 
the direction seepage direction that was not covered here, and thus requires further 
research.  
9.2.3 Inception of instability in Soils under Static and Cyclic Loading 
 
Four non-uniform and densely compacted soils were selected through the CP-CSD 
approach, which characterised these soils as being highly stable (C10), marginally stable 
(C23), marginally unstable (C20), and highly unstable (U) based on their instability 
potentials, i.e. C10 > C23 > C20 > U. Based on the results from a series of 32 hydraulic 
tests carried out under static (𝜎′𝑣𝑡 ≤ 100 kPa) and cyclic (𝜎
′
𝑚𝑖𝑛 = 30 and 𝜎
′
𝑚𝑎𝑥 =
70 kPa  at 𝑓 = 5 − 30 Hz)  loading, the following conclusions were drawn (Chapter 6): 
 
1. Requirements for the inception of internal instability. A non-uniform soil consists 
of a stable primary (coarse) fraction and an erodible secondary (fine) fraction. Internal 
instability occurs when the specific geometrical criterion (i.e. the controlling 
constriction size of primary fraction > representative size of finer fraction) meets 
adverse hydro-mechanical conditions with agitation (vibrations) that is usually 
characterised by an excessive hydraulic gradient (𝑖 𝑐𝑟) associated with a greatly 
reduced effective stress, as demonstrated here. 
 
2. Hydraulic response of internally stable and unstable soils. Dense internally stable 
(C10) and marginal (C23 and C20 in static tests) soils exhibited heave development 
at higher magnitudes and heave-piping at moderate magnitudes of critical hydraulic 
gradients (i.e. 𝑖𝑎 and 𝑖𝑖𝑗), respectively. Whereas the internally unstable (U) and 
marginal (under cyclic conditions only) soils experienced excessive suffusion at 
relatively smaller critical hydraulic gradients than the internally stable soils. The 
evolutions of axial strain, effluent turbidity, effective stress variations and visual 
observations were enough to indicate the commencement, development, and 
progression of seepage induced internal instability in the tested soils.  
 
3. Effects of loading conditions on the hydraulic response of soils. Filtration under 
cyclic loading is different and more complex than under static conditions because an 
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abrupt initial compression due to cyclic load causes a large reduction in permeability, 
while agitation accompanied by transient pore water pressure developed under cyclic 
loading could lead to internal instability and trigger an excessive washout of fines 
from the test specimen. For instance the results indicate that while the effluent 
turbidity from internally stable specimens rarely exceeded 60 NTU in static tests, 
under cyclic loading the turbidity levels can approach or exceed 200 NTU. Increasing 
the magnitude of static loading (𝜎′𝑣𝑡 ≥ 25 kPa) stabilised the test specimen by 
reducing the erosion of fines, whereas under cyclic loading, excessive and premature 
erosion was triggered when the loading frequency increased beyond a threshold value 
(f ≥ 5 Hz). 
 
4. Effects of loading conditions on internal erosion potential of soils. The effluent 
turbidity (or the amount of eroded fines) increased markedly (> 60 NTU) with the 
increase in hydraulic pressure, flow time, and a reduction in the magnitude of normal 
effective stress. The variations in porosity induced by hydraulic flow indicated the 
occurrence of a localised erosion-capture of fines due to the stable constriction 
network of primary fabric. In static tests these primary constrictions had no marked 
variations unless the seepage stresses neutralised the mechanical constraints enough 
to allow drag and buoyant forces to erode the particles. Agitation due to cyclic loading 
affected the stable coarse fabric, thereby making the primary constriction network 
increasingly unstable at higher frequencies. The transient pore pressures due to 
reductions in permeability resulted in the development of premature suffusion 
through this unstable constriction network. 
 
5. Critical hydraulic gradients governing the inception of instability. The combined 
magnitudes of local hydraulic gradient iij and vertical effective stress in a soil layer 
σv
′  controlled the internal stability of tested soils. The critical onset of internal 
instability in test samples could be monitored as it developed through external and 
internal head losses (𝑖𝑎 and 𝑖𝑖𝑗, respectively), effluent flow rate and variations in 
turbidity, deteriorating internal porosity, visual observations and variations in the 
effective stress, These critical onsets were identified by marked variations in these 
parameters, e.g. exhibiting substantial gain in Qe, Te  (≫ 60 NTU), ϵe and n-values 
and a significant drop in companion ia- and iij-values. The magnitudes of hydraulic 
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gradients at the critical onsets were called the critical hydraulic gradients for internal 
instability. 
 
9.2.4 Assessing the Internal Instability Potential under Cyclic Loading 
 
1. Existing criteria. A comparison for assessing the potential of internal instability 
by existing criteria (e.g. CP-CSD method; Wan and Fell 2008; Burenkova 1993; 
Kenney and Lau 1985; Kezdi 1979; Sherard 1979) was made for a large dataset 
of current and published results under cyclic conditions (Chapter 6). It was 
revealed that the CP-CSD criterion could assess the reported data more accurately 
than the rest, which is not surprising because the existing criteria were developed 
for static conditions so they cannot be used for soils subjected to cyclic loading. 
This is because agitation due to cyclic loading alters the CSD of the stable fabric, 
and hence the constrictions fluctuate between the loosest and densest states, 
allowing the fines to escape with the effluent. 
 
2. Proposed method for cyclic conditions. Based on an analysis of 87 current and 
published cyclic test results, this study demonstrated that the loosest controlling 
constriction size must be considered the governing factor when assessing the 
potential internal instability of soils subjected to high cyclic loading (𝑓 ≥ 5 Hz). 
Compared to six previously described static criteria which deviated from 
reliability under cyclic loading, the revised CP-CSD approach was 97% 
successful in demarcating the internal stability of soils under cyclic loading 
(Chapter 6). The proposed CSD based approach is better because it does not need 
the initial relative density to assess internal stability, i.e. the loosest controlling 
constriction size (𝑅 𝑑 = 0%) is needed. Moreover, it can be coupled with existing 
filter criteria to evaluate static filtration conditions more reliably under a given 
normal effective stress. For filter design, the modified CP-CSD approach 
incorporating cyclic loading is more realistic for designing subballast filters 
installed in high speed rail substructures. 
 
Note that the applied cyclic loading frequency varied between 5 and 30 Hz, and while at 
low frequencies (f < 5 Hz), the existing CP-CSD approach can still be used with caution, 
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at frequencies approaching 30 Hz or more, the revised CP-CSD criterion proposed in this 
study may be more appealing to practitioners. 
 
9.2.5 Theoretical Model for the Inception of Internal Instability 
 
An observational approach was used when developing a theoretical model to estimate the 
critical hydraulic gradient for seepage induced internal instability in soils. While 
considering the effects of stress reduction in finer fraction with boundary and inter-
particle friction in internally stable and unstable soils, the proposed model could estimate 
the critical hydraulic gradients for the reported test data and produce the following 
conclusions (Chapter 7) 
 
1. Factors governing internal instability in soils. The geometrical factors governing 
the potential for internal instability include the shapes of the PSD and CSD curves 
of soils. Nevertheless, the mechanical constraints (i.e. magnitude of effective 
stresses) prolonged the critical onset while the geometrical factors governed the type 
of internal instability in soils, e.g. suffusion, piping, heave etc. The magnitudes 
of 𝑖𝑐𝑟,𝑖𝑗 and 𝑖𝑐𝑟,𝑎 varied with the geometrical and mechanical constraints. Internal 
instability was triggered when the mechanical constraints were neutralised by 
seepage stresses in a soil that does not adhere to the optimum geometrical 
requirement of CP-CSD criterion. Essentially, instability in a soil is governed by 
specific combinations of these constraints that could be defined by a hydro-
mechanical correlation to an acceptable accuracy. 
 
2. Stress reduction factor and frictional constraints. An empirical correlation that is 
sensitive to the retention ratio was proposed to quantify the reduction in stress that 
agreed with the experimental results. An internally unstable soil exhibits suffusion 
due to a large reduction in stress in its finer fraction at smaller hydraulic gradients, 
unlike internally stable soils that exhibit heave (like a soil column) at larger hydraulic 
gradients. The inter-particle contact friction in the former and boundary friction in 
the latter become critical when instability commences. Separate expressions for the 
hydraulic gradients governed by each of the above frictional constraint were derived 
in this study by applying the limit equilibrium of forces. 
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3. Hydro-mechanical model for internal instability. Based on the previously described 
geometrical and hydro-mechanical constraints, a simple theoretical model was 
presented to govern the onset of internal instability in soils (Chapter 7) and estimate 
the magnitudes of local and average critical hydraulic gradients. A theoretical law 
establishing the hydro-mechanical boundaries independent of loading conditions (i.e. 
static or cyclic) for internal instability in a stress-gradient plane was proposed to 
quantify the potential internal instability of soils based on the given geo-hydro-
mechanical constraints. 
 
4. Model validations. The proposed model was validated in the following four steps, 
namely: 
 
1. For no-surcharge (𝜎𝑣𝑡
′ = 0 kPa) piping/ hydraulic test data from chapter 4 plus 
that adopted from Tanaka and Toyokuni (1992) and Skempton and Brogan 
(1994) showing good agreements (standard error of mean ≤ ±7%). 
2. Hydraulic test data under static loading (𝜎𝑣𝑡
′ > 0 kPa) from chapter 5 and that 
adopted from Moffat and Fannin (2011) and Li (2008) showing good accuracy. 
3. Filtration test data under cyclic loading conditions (𝜎𝑣𝑡
′ > 0 kPa) adopted from 
Trani and Indraratna (2010) showing acceptable accuracy, and 
4.  Filtration test data under both static and cyclic loading conditions (𝜎𝑣𝑡
′ ≥ 0 kPa) 
obtained from this current research (Chapters 5 and 7) and excellent agreements 
between theory and experimental observations were observed. 
 
5. Modelling pore pressure generation under cyclic loading. Cyclic loading 
developed transient pore pressures whose magnitude was directly proportional to the 
loading frequency. The other factors influencing the generation of pore pressure 
included the magnitude of cyclic stress and reduction in permeability due to cyclic 
densification. Specimen compression was divided into (i) plastic, (ii) elastic, and (iii) 
post-critical purely plastic zones. All the reductions in porosity and permeability 
occurred in the plastic zone while the strain energy accumulated. Maximum pore 
pressure is generated in the elastic zone where the specimen possesses minimum 
permeability. Consequently, the cyclic strain energy is released to induce pore 
pressure as a function of the reduction in permeability and effective confining stress. 
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6. Model validation and practical implications. The proposed energy based model was 
validated using current and published datasets. Its implications may include the 
quantification of excess pore pressure generated in high speed railway foundations. 
Notably, 4 out of 7 current specimens exhibited internal instability during cyclic 
filtration tests (i.e. C20, C23, G and U) which implies that the current industry 
practice range for selecting subballast filters in NSW (Australia) has a significant 
potential for internal instability under cyclic loading. Nevertheless, the current 
model can reasonably estimate the excess pore pressure and facilitate a hydro-
mechanical assessment of internal stability to ensure the longevity of subballast 
filters under high frequency cyclic loading.  
 
7. Hydro-mechanical assessment of potential of internal instability. An alternative 
rationale to traditional ‘stable/ unstable’ bifurcation of soils was proposed in the 
form of a hydro-mechanical law that visually explained the potential of internal 
instability and provided unique boundaries in the form of critical paths and 
envelopes where instability commenced. The inclinations of these critical envelopes 
can be regarded as a measure of potential internal instability, e.g. the steeper the 
envelopes, the greater the internal stability. The above hydro-mechanical rationale 
is better than many existing criteria which tend to become unsafe under cyclic 
conditions (e.g. Trani and Indraratna 2010). For instance under cyclic loading, the 
observed and hydro-mechanically predicted (in brackets) orders of instability were 
similar, i.e. U (highly unstable) > C20 (unstable) > C23 (marginally unstable) > C10 
(highly stable). Similarly, for the current and existing data under both static and 
cyclic conditions, the observed and predicted (in brackets) orders of internal 
instability potential were fully consistent. 
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9.3 Recommendations 
 
This research study focused on the occurrence of seepage induced internal instability in 
granular soils subjected to mechanical (static and cyclic) loading, to simulate practical 
field conditions. The lack of experimental data for understanding the seepage induced 
response of soils submitted to an actual loading environment was a major motivation of 
this research. In reference to the geo-environmental and transportation industries, the 
need to understand the actual seepage induced response of soils (e.g. granular filters), and 
develop practical design guidelines has been more pronounced in recent times. Due to a 
number of constraints and limitations entailed by this current study, a number of aspects 
remained uncovered and deserve appreciation via future studies. The following is a list 
of potential recommendations for further research into internal stability of granular soils 
with reference to actual field conditions: 
 
1. Practical filters in railway substructure and dam environments subjected to multi-
dimensional drainage under variable stress must be replicated in the laboratory to 
correctly predict their response to seepage. A blend of field and laboratory tests could 
increase our understanding of the geometric and hydro-mechanical factors governing 
the initiation, progression, development, and post-failure mechanisms of internal 
instability in soils. 
 
2. The major share of hydraulic excitation in rail track substructure stems from the 
generation of residual pore water pressures at the saturated subballast-subgrade 
interface, plus transient pore water pressures within the subballast layer. Similarly, 
cumulative pore water pressures induced by the evolution of siltation, localised 
suffusion, and complex stress states in downstream filters after several months of 
dam filling, adversely affect the process of filtration. Long term laboratory and field 
tests lasting for months should be conducted to capture these practical phenomena. 
 
3. Simplified coupled CFD-DEM (i.e. Computational Fluid Dynamics-Discrete 
Element Method) modelling of spheres is a basic numerical limitation of existing 
studies on filtration and internal stability. Particle shapes and advanced dimensional 
analysis can facilitate the selection of a reasonable number of particles to model true 
representations of an actual soil assembly. Similarly, local hydraulic gradients, mean 
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effective stresses, stress reduction in finer fractions, and estimations of the stress 
reduction factor using complex DEM modelling techniques, and which may be 
coupled with proposed models to further enhance their rigor and improve practical 
filter design. 
 
4. The application of geosynthetic materials to improve the performance of broadly and 
gap graded soils which benefitted from cyclic densification due to repeated loading 
requires further attention (e.g. Trani and Indraratna 2010; Fannin et al. 1994 etc.). 
By adopting the proposed laboratory setup, further experiments should be carried out 
to assess how effective combinations of granular soil and geotextile are in reducing 
potential of internal erosion under static and cyclic loading conditions. 
 
5. Nevertheless, the developments of current geometric and hydro-mechanical criteria 
governing the potential and inception of internal instability have benefitted from a 
number of assumptions. For instance, stress reduction is mainly due to boundary and 
inter-particle (spheres) friction plus seepage stresses, thus ignoring the effects of 
damping, particle shape and the effective angle of internal friction. Including these 
aspects in proposed models would certainly improve their performance and make 
them more practical. 
 
6. This study evaluated how the level of compaction affects the internal stability of soils 
under one dimensional static conditions. However, static and cyclic triaxial tests 
would better describe the effect of compaction by capturing practical aspects of the 
evolution of volumetric strain, principal stress variations, particle dilation, excess 
pore pressures, lateral hydraulic gradients, and so on (Xiao and Shwiyhat 2012, 
Chang and Zhang 2011). 
 
7. The proposed geometrical criteria (in Chapter 4) and the theoretical hydro-
mechanical models (in Chapters 5 to 7) are semi-empirical in nature, and were 
validated independently using an extensive experimental database. Further 
experimental and numerical studies would be invaluable in extending their scope to 
more practical field conditions such as granular soils subject to complex stress states 
(Chang and Zhang 2013), principal stress rotation (Ishikawa et al. 2011), and the 
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multi-stage and multi-frequency cyclic loading of higher stress magnitudes (e.g. 
Trani and Indraratna 2010; Kamruzzaman et al. 2008; Liu and Xiao 2009; Suiker and 
de Borst 2003 etc.). 
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APPENDIX A 
Revised Stability Boundary for the Criterion of 
Kenney and Lau (1985) 
 
Considering that CSD is a combined function of PSD and 𝑅𝑑, a soil compacted at 𝑅𝑑 =
 0, 50, and 95% obtains different constriction size distribution (CSD) curves (Indraratna 
et al. 2007). At 𝑅𝑑 = 0%, the CSD curve is non-uniform and broader than at 𝑅𝑑 = 95%, 
where it tends to be uniform and narrower. A variety of constrictions are formed within 
the granular media, and the fines eroded through one can be captured by another by local 
self-filtering (Locke et al. 2001). The percentage of finer fraction (F) controls the potential 
for internal instability within a soil, for which Kenney and Lau (1985) assumed that 
erodible fines exist in the loosest state in the mix, and estimated limiting F values 
subjected to erosion for uniform (C𝑢 ≤ 3) and non-uniform soils (C𝑢 > 3) at 30% and 
20% on the PSD, respectively. 
Discussion and the Proposed Revision 
The assessments from various geometrical criteria and results of hydraulic tests for the 
currently tested soils were summarised elsewhere in Chapter 4 (Table 4.2). The 
comparisons revealed that the existing criteria could only partially assess the exact 
potential for internal instability. For instance, Kezdi’s (1979) resulted in 5 inconsistent 
predictions (3 safe and 2 unsafe), Sherard (1979) obtained 8 inconsistent predictions (3 
safe and 5 unsafe), and the original method of Kenney and Lau (1985) resulted in 3 unsafe 
assessments. Interestingly, Kenney and Lau (1985)’s criterion resulted in the highest 
success rate of 85% compared to the other two criteria (75% and 60% for Kezdi (1979) 
and Sherard (1979), respectively). Figure B1 shows the percentages passing by mass (F) 
plotted against corresponding (H/F) ratios for the soils selected in this study. According 
to Kenney and Lau (1985), the (H/F)𝑚𝑖𝑛 values were originally obtained at F=20% for 
samples C5, C10, C20, and C23 and at F= 15% for sample C40. Apart from sample C1, 
all the others were well-graded soils (𝐶𝑢 > 3) where a limiting value of F=20% was 
originally proposed (Kenney and Lau, 1985). 
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Figure A1 Illustration of original stability boundaries and those revised on the basis of 
level of compaction of soil for the method of Kenney and Lau (1985). 
   
Figure A2 Correlations between 𝑖 𝑐𝑟 and (𝐻 𝐹⁄ ) 𝑚𝑖𝑛 for internal stability assessments of 
current samples by Kenney and Lau’s; (a) original and (b) currently revised methods. 
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As a consequence, soils C5, C10, C20, and C23 were assessed as stable and soil C40 as 
unstable. However, when the search resumed beyond 20% finer, minimum values of 
(H/F)𝑚𝑖𝑛 were obtained at F=30% for samples C5, C10, C20, and C40 (Fig. B1), while 
samples C20 and C40 were both assessed as unstable, so the author extended the search 
for (H/F)𝑚𝑖𝑛 beyond F=20% for soils compacted at 𝑅𝑑 < 70%. However, for samples 
compacted at 𝑅𝑑 ≥ 70%, the (H/F)𝑚𝑖𝑛up to F=20% was still conservative because the 
increasing level of compaction could reduce the constriction sizes quite significantly, thus 
minimising the internal erosion. A comparison between predictions from original and 
currently revised methods of Kenney and Lau (1985) for soil gradations is presented in 
Figs. B2a and B2b. The revised method only resulted in one inconsistent assessment 
(C23-R5) compared to the original method with 3 incorrect predictions (i.e. C20-R5, C20-
R50, and C23-R5). 
 
  
Figure A3 Assessing select data from Table 4.3 by revised Kenney and Lau’s criterion. 
Inconsistent results are indicated by respective sample IDs (unsafe in circle and 
conservative in rectangular box, respectively). 
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Verification of proposed revision 
Published experimental data plus that obtained from this current study (see Table 4.3) is 
used to validate this proposed revision in Kenney and Lau’s (1985) method. Figure B3 
presents assessments from the revised method of Kenney and Lau for the selected set of 
test data reported in Table 4.3. As discussed in a previous section, the original method 
resulted in 8 incorrect predictions (2 conservative and 6 unsafe), while the revised method 
made only 4 inconsistent predictions compared to the experimental results (2 
conservative and 2 unsafe). This clearly indicated a marked improvement in Kenney and 
Lau (1985)’s criterion which did not originally capture the significance of the soil’s level 
of compaction (i. e. CSD and 𝑅𝑑). 
The original criterion of Kenney and Lau (1985) is insensitive to the level of compaction 
of soil samples that consequently makes it overly conservative for dense soils. The 
original stability boundaries proposed on the basis of coefficient of uniformity (𝐶 𝑢) of 
soils were insensitive to 𝐶 𝑢, so they were reassessed on the basis of the level of 
compaction and marked improvements were observed in its rigor for assessing the internal 
stability of the same set of 95 data points. The revised method requires an examination of 
(H/F)𝑚𝑖𝑛 beyond F=20% for soils compacted at 𝑅𝑑 < 70%. Nevertheless, for soils 
compacted at 𝑅𝑑 ≥ 70%, the (H/F)𝑚𝑖𝑛up to F=20% could still be conservative because 
the increase in 𝑅𝑑 could reduce the constriction sizes enough to minimise the potential 
for internal erosion. 
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APPENDIX B 
Modelling Pore Pressure under Cyclic Loading 
Cyclic loading imparts significant strain energy onto the soils during the loading and 
unloading cycles, and while some may be safely dissipated due to drag and the frictional 
characteristics of soil (Polito et al. 2008), the remaining strain energy continues to 
accumulate and may result in the development of excess pore water pressure (Alobaidi 
and Hoare 1996). In this study, comparisons between seepage induced static and cyclic 
responses of soils with similar characteristics could quantify the pore pressure generated 
due to dynamic loads. A normalised pore pressure ratio, 𝑟𝑢 (Eq. B1) is introduced to 
capture the pore pressure generated, which in turn is a function of the initial effective 
confining stress and dissipated strain energy of soil (after Berril and Davis 1985): 
𝑟𝑢 = 𝐴(
∆𝑊
𝜎𝑐𝑜
′ )
𝐵
         (B1) 
∆𝑊 = 0.5 × ∑ (𝜎𝑑,𝑖+1
′ + 𝜎𝑑,𝑖
′ )( 𝑎,𝑖+1 − 𝑎,𝑖)
𝑛
𝑖=1     (B2) 
where, ∆𝑊 = Dissipated energy per unit volume of soil 
𝜎𝑑,𝑖
′ , 𝜎𝑑,𝑖+1
′ = The ith and i+1th increments in cyclic deviotric stress 𝜎𝑚𝑖𝑛
′  
𝑎,𝑖, 𝑎,𝑖+1 = The i
th and i+1th increments in axial strain 
𝑛 = Total number of load increments 
𝐴 and B = Empirical coefficients determined from hydraulic tests under cyclic loading. 
Given that the magnitude of cyclic deviator stress was constant, Eq. (B2) becomes: 
∆𝑊 = ∆𝜎𝑑
′ ∑ ( 𝑎,𝑖+1 − 𝑎,𝑖)
𝑛
𝑖=1       (B3) 
∆𝑊 = ∆𝜎𝑑
′ × 𝑎        (B4) 
The axial strain ( 𝑎) evolves with time by virtue of dynamic compaction due to cyclic 
loading and as a function of the number of loading cycles and frequency. During 1-
dimensional compression, the axial strain rapidly evolves until the shakedown level 
(permanent plastic deformation) and then becomes constant (purely elastic). Using an 
exponential function for axial strain in Eq. (B4) yields (Trani and Indraratna 2010): 
∆𝑊 = ∆𝜎𝑑
′ × 𝑓(1 − 𝑒
−𝑡𝑓/𝑘)       (B5) 
where  = Time for the application of cyclic loading (sec) 
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Figure B1 Observed correlations between cyclic loading frequency (approximate 
heavy-haul speed) and (a) 𝑖 ∆𝑢-values, (b) ∆𝑢-values, and (c) 𝑟 𝑢-values. 
 
 
𝑓 = Cyclic loading frequency (Hz) 
𝑘𝑛 = Scaling factor equal to 𝑁𝑚𝑎𝑥 10⁄  
𝑁𝑚𝑎𝑥 = Maximum number of load cycles applied to the soil. 
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Now Eq. (B1) takes the form: 
𝑟𝑢 = 𝐴(
∆𝜎𝑑
′× 𝑓(1−𝑒
−𝑡𝑓/𝑘)
𝜎𝑚𝑖𝑛
′ )
𝐵
      (B6) 
Here factor A is called the cyclic loading coefficient which accounts for the magnitude of 
applied mean cyclic stress (𝜎 𝑚𝑣
 ′ ), and B is the hydraulic conductivity factor which 
captures the reduction in permeability due to dynamic compaction and cyclic loading: 
𝐴 = 𝜎 𝑚𝑒𝑎𝑛
 ′ 10⁄ = (
𝜎 𝑚𝑖𝑛
 ′ +𝜎 𝑚𝑎𝑥
 ′
2
) 10⁄      (B7) 
𝐵 = 0.065 (
𝑘 𝑖
𝑘 𝑓
) + 0.60                          (B8) 
 
  
Figure B2 (a) Stress-strain hysteresis and (b) time history of axial strain for C23-C-5. 
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Figure B3 (a) Correlation between B and permeability reduction ratio and (b) 
Comparison between observed and predicted values of 𝑟 𝑢. 
 
where 𝜎 𝑚𝑖𝑛
 ′ , 𝜎 𝑚𝑎𝑥
 ′ , 𝑘 𝑖, and 𝑘 𝑓 define the minimum and maximum cyclic loads 
(unloading, loading), initial permeability, and final permeability due to cyclic 
densification (before the inception of internal instability), respectively. Figure B2 shows 
the cyclic densification of granular media before the inception of seepage induced 
instability that can be divided into two distinct zones, namely (I) purely plastic, and (II) 
purely elastic. The specimens initially showed permanent (plastic) deformation due to 
cyclic loading in zone-I until they reached the shakedown level from 30,000 to 45,000 
cycles, depending on the loading frequency. Figure B3 shows the correlation between 
factor B and the permeability reduction ratio (Eq. B8), and also compares the observed 
and predicted 𝑟 𝑢-values for current tests (Eq. B6) where good agreements are obtained. 
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APPENDIX C 
Additional Information and Illustrations 
 
 
 
 
 
 
 
 
This Appendix C presents additional information related to this current research study. 
For instance, Table C1 summarises some of the existing geometrical criteria for assessing 
soils’ internal instability potential, their procedures, and corresponding expressions. Table 
C2 presents a brief summary of some of the past filtration studies with their objectives, 
information about experimental setups, and research outcomes. Figure C1 shows the 
screen shots of the data loggers and acquisition systems with the illustrations of real time 
digital and graphical monitoring of the current test data (raw). Figure C2 shows 
miscellaneous images of the test setup and other procedures involved in laboratory 
modelling such as preliminary testing, calibrations and post-test operations etc. Figure C3 
illustrates the occurrence of internal erosion and eroded finer fractions for some of the 
selected tests of this study. 
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Table C1 Internal stability criteria for granular filters under static loading condition and steady seepage hydraulics   
Criterion Description/ Limitations Reference 
𝐷15
𝑑85
< 4; 𝑎𝑛𝑑 
𝐷15
𝑑15
> 4 
The former assuring safety against piping and the latter assuring adequate drainage 
of the filter material, Dx and dy represent diameter percentile finer by mass of given 
fraction. For uniformly graded cohesion-less soils 
Terzaghi, 1943 
(Chapius, 1992) 
(
1
𝜒0.60
) × [
𝑊(𝑥𝑑) − 𝑊(𝑑)
𝑊(𝑑) − 𝑊 (
𝑑
𝑥)
] < 1.0 
With d, W(x), and χ representing an arbitrary grain size on gradation curve, 
percentile finer by mass corresponding to grain size χ and coefficient associated 
with factor of safety respectively. 
Lubochkov, 
1969 
𝐷15𝑐
𝑑85𝑓
≤ 4 
Gradation curve is divided into discretized coarser and finer curves, respective 
fractions of which must satisfy piping criterion of Terzaghi. 
(Kezdi, 1979) 
𝐷15𝑐
𝑑85𝑓
≤ 5 
Gradation curve is divided into coarser and finer curves, respective fractions of 
which must satisfy modified piping criterion of Terzaghi. 
(Sherard, 1979) 
(
𝐻
𝐹
)
𝑚𝑖𝑛
≥ 1 
Secant slope of the PSD of filter material should not be less than 45o; where H = 
Percentile finer between D and 4D, and F = Fraction of PSD finer than D; F ≤ 20% 
for well graded soils and F ≤ 30% for uniformly graded soils. 
(Kenney & Lau 
1985, 1986) 
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[0.76𝑙𝑜𝑔 (
𝑑90
𝑑15
) + 1] < (
𝑑90
𝑑60
)
< [1.86𝑙𝑜𝑔 (
𝑑90
𝑑15
) + 1] 
With conditional factors of uniformity; h′ =
d90
d60
 and h′′ =
d90
d15
, forming a plane 
distinguishing between the suffusive, non-suffusive and the artificial soils. 
 
Burenkova 
(1993) 
𝑃𝑓 ≥ [100 ×
1
4(1 − 𝑛)
] 
Empirical relation between porosity and percentile finer (%), mathematically 
defining limit for an internally stable grading. 
Liu (2005) 
(after Li, 2008) 
𝑖𝑐𝑟 =
7𝑑5
𝑑𝑓
[4𝑃𝑓(1 − 𝑛)]
2
 
icr is critical hydraulic gradient with df =1.3√d15 × d85 is the division diameter on 
the gradation curve, Pf is percentage of erodible fines, d5 is the grain size 
corresponding to the 5 percent finer and n is overall porosity. 
Mao (2005) 
(after Li, 2008) 
𝐷𝑐35
𝑐
𝑑85
𝑓
≤ 0.73 
Constriction based criterion based criterion for assessing the potential of internal 
erosion and suffusion of granular soils. Dc35
𝑐 = controlling constriction for the 
coarser fraction and d85
𝑓 = representative size for the finer fraction. 
(Indraratna et al. 
2011) 
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Table C2 Summary of experimental modelling of some of the past studies 
Reference 
Specimen size 
Flow 
direction 
Controlling 
Mechanism 
Surcharge 
(kPa) 
Disturbance 
Water 
quality 
Max. 
Duration 
(hr) 
Study/ 
Description Dia. 
(mm) 
L 
(mm) 
L/D 
Terzaghi 
(1922) 
N/A N/A N/A U 
Hydraulic 
gradient 
Small 
(Not specified) 
None Tap Water 
Until sand 
boiling 
icr 
formulation 
Bertram 
(1940) 
50 60 1.2 D and U 
Hydraulic 
gradient 
None None 
Distilled & 
de aired 
4 Filter criteria 
100 60 0.6 D and U 
Hydraulic 
gradient 
Distilled & 
de aired 
16.5 Filter criteria 
USACE 
(1953) 
76 165 2.2 D and U 
Seepage 
velocity 
None 
Mild 
Tapping 
Tap Water 
0.5 
Inherent stability 
of filters. 
213 165 0.8 D and U 
Seepage 
velocity 
5 
Sherard, 
(1979) 
100 165 1.7 D and H 
High 
Seepage 
velocity 
None None 
Tap and 
distilled 
Few 
minutes 
Internal stability 
of filters. 
Pare et al. 
(1982) 
610 950 1.6 D and H 
Hydraulic 
gradient 
N/A None 
Tap and de 
aired 
250 
Internal stability 
of filters. 
Lafleur 
(1984) 
150 150 1.0 D 
Hydraulic 
gradient 
Back pressure Both N/A 880 Filter criteria 
Kenney and 
Lau (1985) 
245 450 1.8 D 
Seepage 
velocity 
10 
Vibration 
Tap, 
recirculated 
100 
Internal stability 
of filters. 
580 860 1.5 D 
Seepage 
velocity 
Vibration 
Tap, 
recirculated 
100 
Internal stability 
of filters. 
Skempton 
and Brogan 
(1994) 
139 155 1.1 U 
Hydraulic 
gradient 
None None N/A 1.5 
Internal stability 
of filters. 
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Honjo et al. 
(1996) 
150 100 0.7 D 
Seepage 
velocity 
0.9 
Vibration Tap Water 2 Internal stability 
of gap-graded 
soils 300 100 0.3 D 
Seepage 
velocity 
Vibration Tap Water 2 
Tomlinson 
and Vaid 
(2000) 
100 40 0.4 D 
Hydraulic 
gradient 
50-400 None Tap Water 3.5 
Internal stability 
of filters. 
Indraratna 
and 
Radampola 
(2002) 
155 245 1.6 D 
Hydraulic 
gradient 
5 
Mild 
Tapping 
Tap Water N/A 
icr 
formulation 
Moffat 
(2002, 
2005) 
100 100 1.0 D 
Hydraulic 
gradient 
25 Vibration 
Distilled & 
de aired 
11 
Hydro-
geometrical 
models 
Indraratna 
et al. 
(2007) 
155 245 1.6 D 
High 
Seepage 
velocity 
None 
Mild 
Tapping 
Tap Water N/A 
CSD based filter 
criteria 
Indraratna 
and Raut 
(2006) 
155 245 1.6 D 
High 
Seepage 
velocity 
None 
Mild 
Tapping 
Tap Water N/A 
CSD based filter 
criteria 
Li (2008) 
100 100 1.0 D and U 
Hydraulic 
gradient 
25-200 
Vibration 
Distilled & 
de aired 
Until 
suffosion 
Hydro-
mechanical 
models 
279 300 1.1 D and U 
Hydraulic 
gradient 
Vibration 
Distilled & 
de aired 
Until 
suffosion 
Hydro-
mechanical 
models 
Trani and 
Indraratna 
(2010) 
240 150 0.6 U 
High 
Seepage 
velocity 
30 Cyclic stress 
Tap water 
& Slurry 
Until 
suffosion 
Criteria for 
Railway 
subballast filter 
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Moffat et 
al. (2011) 
279 325 1.2 D and U 
Hydraulic 
gradient 
25-175 
Vibration 
Distilled & 
de aired 
Until 
suffosion 
Hydro-
mechanical 
models 279 350 1.3 D and U 
Hydraulic 
gradient 
Vibration 
Distilled/ 
de aired 
Until 
suffosion 
Indraratna 
et al. 
(2011) 
155 245 1.6 D 
Hydraulic 
gradient 
None 
Mild 
Tapping 
Tap water N/A 
CSD based 
criteria 
Moraci et 
al., (2012) 
155 164 1.1 D 
Hydraulic 
gradient 
None None Tap Water 
Until 
suffossion 
CSD based 
numerical 
modeling of 
internally 
unstable soils. 
Chang and 
Zhang 
(2013) 
100 100 1.0 D 
Hydraulic 
gradient + 
Complex 
stresses 
10-400 None De aired 
Until 
suffossion 
Various icr 
definitions 
Note: Here, Dia, L, U, D, icr and N/A define diameter of permeameter cell, its length, upward flow, downward flow, critical hydraulic 
gradient and not available, respectively. 
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Figure C1 Screen shorts of PCMaster and dataTaker acquisition systems; (a) real time monitoring of cyclic load and cell pressure, (b) 
static parameters and test data (c) digital monitoring of all channels, and (d) graphical monitoring of temporal variations in the test data. 
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Figure C2 Images of (a) modified hydraulic test apparatus, (b) void ratio determination test, (c) ADR probe calibration, (d) soil mixer 
and specimen compaction, (e) wire meshes, (f) pore pressure transducers calibration setup, and (g) post-test sample recovery. 
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Figure C3 Visual illustrations and miscellaneous images of internal erosion for selected tests. 
